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ABSTRACT
The steady jet diffusion micro-flame is mathematically modeled and its extinction properties and
investigated in this study. The diffusion flame of interest is one that results from the reaction
of a fuel present in a weak jet issuing from a nozzle into an unbounded medium containing the
oxidizer. Various flame properties such as flame location, temperature and reactant leakage are
investigated in the study. The analysis presented makes use of an asymptotic approximation for
large activation energy chemical reactions as per the general theory of Cheatham and Matalon
where the reaction is confined to a surface and the mathematical problem reduces to a free boundary
problem with jump relations across the flame sheet. Constant density approximation decouples the
hydrodynamic equations from the full system of governing equations. The flow field is described
by an exact solution to the Navier-Stokes and continuity equations modeling an axis-symmetric
jet issuing from a point source of momentum into an unbounded fluid domain, as solved for by
both Landau and Squire. The flame location and associated combustion fields are first solved
in the Burke-Schumann limit of complete combustion for unity Lewis number flames in jets of
arbitrary strength. The solution is then attempted for the case of non-unity Lewis number Burke-
Schumann flames in weak jets (micro-jets). Finally, the solution associated with non-unity Lewis
number micro-flames with reactant leakage across the flame is investigated over the entire range of
Damko¨hler numbers in order to ascertain extinction properties. Effects of varying the Lewis and
Damko¨hler numbers on extinction and flame shape are presented.
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CHAPTER 1: INTRODUCTION
The study of micro-scale diffusion flames is important and of interest owing to potential applications
in powering micro-scale devices. The stabilization and extinction properties of these flames are of
particular interest since the minimum possible size of such devices are constrained by the size
limitations of diffusion micro-flames. The diffusion micro-flame of interest in this study is one
that results from the reaction of fuel jet emerging from a small nozzle into an ambient medium
containing the oxidizer. As the associated length scales are small, the corresponding flow field can
be assumed to be laminar.
The limiting behaviors of such small scale diffusion flames are of interest since the high power
density of micro-flames can prove useful for numerous new applications such as micro-combustors
and engines for micro-robots, micro-aerial vehicles, etc. owing to the higher volumetric energy
densities of fossil fuels over batteries. Since the reduction of characteristic flame size implies a
larger heat loss due to increase in surface area to volume ratio, quenching or extinction behavior
needs to be understood as they would directly affect the smallest possible size and hence the largest
attainable power output for combustors employing micro-flames. Due to buoyancy insensitivity
of the spherical micro-flames, they have potential for utilization as point heat sources with no
orientation requirement. Ju and Maruta [1] have provided a review on devices such as micro-
thrusters for actuation, micro internal combustion engines for power generation, microreactors for
chemical analysis, etc. which make use of micro scale combustion. They have also illustrated the
fundamental challenges and limitations in designing such systems and in stabilizing premixed as
well as non-premixed micro-flames.
Studies on the theory of combustion of originally non-premixed reactants was initially attempted
by Burke and Schumann [2], who studied this kind of combustion in the infinitely fast chemistry
limit and referred to the associated flames as ”diffusion flames”. The Burke-Schumann model
corresponds to the asymptotic limit of infinitely large Damko¨hler numbers (D → ∞). In the
infinitely fast chemistry limit, the fuel and oxidizer arriving from different streams are completely
consumed at an infinitesimally thin reaction sheet. Here, the diffusion flame is a surface of O(D−1/3)
thickness across which the species concentrations of fuel and oxidizer as well as the temperature
field are continuous. The fuel and oxidizer are transported towards the flame sheet in stoichiometric
proportions and the associated jump in heat flux at the flame is related to the total heat release of
the chemical reaction. However, this model does not provide insight into flame extinction (at lower
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values of D) which occurs when chemical reaction time scales are comparable to flow time scales.
The current study focuses on diffusion micro-flames not only in the Burke-Schumann limit but also
in the case of large but not infinite Damko¨hler numbers.
Lin˜a´n [3] derived the extinction conditions for the unity Lewis number constant density diffusion
flame (in the counterflow configuration) by attempting an asymptotic expansion of the solution by
introducing the inverse of the activation energy (β−1) as the parameter of expansion. He was able
to derive solution to the entire range of Damko¨hler numbers by considering the distinguished limits
relating the large Damko¨hler numbers to the activation energy parameter. The explicit ignition
and extinction results derived by Lin˜a´n [3] have later been verified experimentally. Cheatham
and Matalon [4] first presented a general formulation for the treatment of diffusion flames with
distinct and non-unity Lewis numbers in a coordinate-free framework for solutions over the entire
range of Damko¨hler numbers, from the Burke-Schuman limit of complete combustion (D→∞) to
extinction (D → Dext). This methodology is even applicable for multi-dimensional and unsteady
diffusion flames so long as the the deviation of the local instantaneous flame temperature from the
stoichiometric flame temperature does not exceed O(β−1). Hence, this methodology is opted for
the current study since it makes general non-unity Lewis number jet diffusion micro-flame problems
with non-infinite Damko¨hler numbers analytically tractable.
The problem of interest in this study is a diffusion flame formed from a fuel stream entering the
ambient oxidizer medium through a steady jet emerging from a nozzle. This represents a laminar
jet containing the fuel discharged from, say, a thin pipe (as in Fig.1) into a quiescent unbounded
ambient medium containing the oxidizer. The resulting diffusion flame shape and location along
with the associated temperature and species concentration fields are solved for in this study using
the large activation energy asymptotics methodology under the assumptions of constant density
and single-step chemistry for arbitrary Lewis numbers over the entire range of Damko¨hler numbers.
The flow field associated with this scenario is due to an axis-symmetric jet in an unbounded
domain. The boundary layer approximations, including neglecting axial diffusion, were used to
simplify the descriptions of hydrodynamic model by Schlichting [5]. He had proposed an analytical
solution for the hydrodynamic problem of the submerged jet assuming constancy of the axial mo-
mentum flux of the jet and approximations pertaining to the boundary layer that are substantiated
at large distances downstream of the jet inlet. However, an exact analytical solution assuming a
point source model for axial momentum has been shown to solve the Navier-Stokes and continuity
equations for the submerged jet. The associated steady flow scenario is one that has an exact
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Figure 1: Configuration of the jet inlet
solution for the pressure and velocity fields as solved for by both Landau [6], [7] and Squire [8].
The corresponding velocity field due to such a submerged jet is axis-symmetric about the axis of
the jet (coincident with the nozzle) and decays with radial distance from the jet inlet. The axial
momentum flux of the jet corresponding to the solution is constant. However, the flow field de-
scribed by this solution represents no source of mass. In addition to this, Broman and Rudenko
[9] also illustrate the restriction on the solution for perfect fluids as it vanishes as viscosity tends
to zero. They also have studied the practical applications of the solution and have provided an
overview of the literature and history associated with the class of solutions. Other studies have
proposed modifications to this solution so as to account for perfect fluids and for a mass source
[10], [11]. Modifications were also proposed to more accurately model the flow field far from the
jet inlet while accounting for a non-zero mass source at the inlet [12]. This study will make use of
the solution for the flow field as per Landau [7] in order to solve for the corresponding combustion
fields.
Many experimental studies have attempted to understand the behavior of jet diffusion micro-
flames. Ban, et. al. [13] have experimentally investigated small laminar jet diffusion hydrocarbon
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flames and have concluded that buoyancy effects disappear and the flame shape becomes more
spherical and orientation independent as flame size decreases ( for large Froude numbers). They
have also carried out comparison with a theoretical model using self-similar solutions of the bound-
ary layer equations [5]. Fujiwara and Nakamura [14] have conducted experimental investigations
on the stabilization and quenching of methane micro-flames. Therein, the effect of a preheated
ambient oxidizing medium and its role in enhancing the stability of the micro-flame and reducing
the minimum required fuel flow rate is explored. In addition to this, the effect of heat conduction
through the burner tip is studied and lower thermal conductivity materials are recommended for
the jet nozzle so as to stabilize the flame. Matta, et. al. [15] have experimented with propane jet
diffusion micro-flames from stainless steel needles and have made comparisons to a model based on
jet flow emerging from an orifice on a wall. Using a correlation between flame length and fuel flow
rate, theoretical predictions for flow rate at quenching, that compare well with experiments, were
made assuming it happens when predicted flame length falls below the standoff distance. Blow-off
was also investigated and a stabilizing effect from the increasing of ambient air temperature was
reported. Cheng, et. al. [16] have studied methane jet diffusion micro-flames and have compared
their experiments with existing theoretical models and with numerical simulations and have come
to the conclusion that Roper’s model [17] is among the most satisfactory model in predicting flame
lengths and quenching velocities. This model is one where the Burke-Schumann theory is modified
to account for buoyancy and varying axial velocity in accordance with continuity. Furthermore,
with the aid of numerical simulations, they have reported that the flame burns in a diffusion mode
near the extinction limit as opposed to the prediction made by Matta [15] that the extinction limit
is dominated by the premixing process in the standoff region before the flame. Cheng, et. al. [16]
have also confirmed that their results indicate that quenching occurs when flame length equals
standoff distance and that an order of magnitude analysis using a diffusion-buoyancy dimensionless
parameter indicated that the micro-flames they investigated are not buoyant-free.
Kuwana, et. al. [18] have developed an analytical model for the jet diffusion micro-flame using
the boundary layer equations (valid for large Reynold’s numbers) for the entire range of Damko¨hler
numbers and have analyzed extinction. They have shown that the predicted trends for fuel velocity
at blow-off (uU ∼ d0) and extinction (uL ∼ d−2) as a function of the burner diameter (d) agree with
experimental results [15]. In a later study, Kuwana, et. al. [19], have attempted to mathematically
model the Burke-Schumann limit of the jet diffusion micro-flame utilizing the Landau submerged jet
hydrodynamic solution [7] and have compared the resulting flame shapes and extinction conditions
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with experiments performed with methane and butane flames. Though this analysis approximates
the mixture fraction field with that of the axial velocity and does not account for fuel and oxidizer
leakage, reasonable agreement is reported for flame shapes and extinction conditions for smaller
flames whereas deviations in larger flame sizes are explained as an effect of greater buoyant force
contributions.
The aim of the current study is to analytically model the jet diffusion flame and hence de-
scribe the various associated combustion fields, flame shapes and extinction properties for different
parametric combinations. Jet diffusion micro-flames are of particular interest and are explored
using asymptotic methods in a general non-unity Lewis number scenario with large but not infinite
Damko¨hler numbers.
The current study is organized as follows. The following chapter presents the problem of the jet
diffusion-flame and provides the governing equations with simplifying assumptions such as a global
one step reaction mechanism, constant material properties and a low Mach number approximation.
The non-dimensionalization of these equations and associated jump relations at the diffusion flame
have been subsequently carried out and are provided along with the characteristic scales used.
Through the assumption of constant density, the hydrodynamic governing equations for the problem
of interest are decoupled from the energy equations.
The third chapter provides the solution for the decoupled hydrodynamic equations for the
submerged laminar jet. The velocity and pressure fields in the fluid have been solved for from the
continuity and Navier-Stokes equations. Though the solution is derived for a general submerged jet
of any strength (axial momentum flux), the specific solution fields for strong and weak jets have been
asymptotically expanded for use in later chapters in solving for the combustion fields. Expressions
for stream functions and the axial jet momentum (which quantifies the jet strength) have also been
derived. Furthermore, a discussion is provided on offsetting the origin of the coordinate frame of
reference so as to avoid singularities in the hydrodynamic fields at the jet inlet.
Chapter 4 describes the solution for unity Lewis number complete combustion flame. The
hydrodynamic solution from chapter 3 is utilized along with the remaining governing equations,
boundary conditions and jump relations in order to obtain the flame shape and associated combus-
tion fields for the unity Lewis number flame. This solution is derived for in the case of a jet of any
arbitrary strength.
The fifth and sixth chapters describe the solution for non-unity Lewis number flames in weak
jets. Chapter 5 provides the solution in the Burke-Schumann limit of complete combustion whereas
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chapter 6 provides the solution in the presence of reactant leakage across the flame sheet. Since
these solutions are sought for in the limit of weak jets, the corresponding asymptotic expansions of
the hydrodynamic solutions are used to derive the combustion fields.
Chapter 7 provides results pertaining to the derived solutions and associated discussion. Having
determined the flame temperature for a non-unity Lewis number weak jet diffusion flame in chapter
6, extinction analysis is performed using the solution fields and various parametric combinations
and variations. The spatial dependence of flame extinction on parameters such as the Lewis and
Damko¨hler numbers is explored. Finally, chapter 8 provides concluding remarks.
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CHAPTER 2: GOVERNING EQUATIONS
The jet diffusion micro-flame is created following the diffusion of a fuel species provided through a
steady jet emanating from an inlet at the origin of the coordinate system into an ambient medium
containing the oxidizer. The jet exits the inlet with a characteristic velocity U˜0 and temperature
T˜0 into the ambient which is at the temperature T˜∞. Fig. 1 provides a sketch of the spatial
configuration of the jet inlet. The fuel reacts with the oxidizer present in the ambient medium to
form the diffusion flame. The flame is formed at the physical location where the fuel and oxidizer
are available in stoichiometric proportion and the following system of equations are formulated in
order to solve for the flame location and associated combustion field. These governing equations
comprise of the equation of continuity and equations of momentum, heat and mass transfer.
The low Mach number governing equations for modelling a diffusion flame are:
Dρ˜
Dt˜
+ ρ˜(∇˜ · v˜) = 0 (1a)
ρ˜
Dv˜
Dt˜
= −∇˜p˜+ µ
[
∇˜2v˜ + 1
3
∇˜(∇˜ · v˜)
]
(1b)
ρ˜cp
DT˜
Dt˜
− λ∇˜2T˜ = Qω˜ (1c)
ρ˜
DY˜F
Dt˜
− ρ˜D˜F ∇˜2Y˜F = −νFWF ω˜ (1d)
ρ˜
DY˜O
Dt˜
− ρ˜D˜O∇˜2Y˜O = −νOWOω˜ (1e)
where ρ˜, p˜ and v˜ are the local density, pressure and velocity of the mixture respectively and t˜ is
time. λ and cp are the thermal conductivity and heat capacity of the mixture respectively and are
also assumed to be constant and Q is the total chemical heat release of the associated reaction.
T˜ , Y˜F and Y˜O are the temperature and fuel and oxidizer species mass fractions in the mixture
respectively. The mass diffusion coefficients and molecular weights of the fuel and oxidizer in the
mixture, ρ˜D˜i and Wi respectively where i ∈ {F,O}, are also assumed to be constant.
The equation of state is
P˜0 = ρ˜RT˜ /W (1f)
where P˜0 is the constant ambient pressure, R is the universal gas constant and W the molecular
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weight of the mixture which is assumed to be constant. In the above equations, the convective
derivative operator is defined as:
D
Dt˜
=
∂
∂t˜
+ v˜ · ∇˜
The chemical activity is modeled by one-step global reaction
νF Fuel + νO Oxidizer→ Products + {Q}
where νi represent the stoichiometric coefficient of species i. The reaction rate is
ω˜ = B
(
ρ˜Y˜F
WF
)(
ρ˜Y˜O
WO
)
e−E/RT˜ (2)
As discussed in [4] and [20], the chemical reaction may be conveniently expressed in the form
ω˜ = Be−E/RT˜s
( ρ˜ Y˜F
WF
)( ρ˜ Y˜O
WO
)
eE/R T˜s−E/R T˜ (3)
where the pre-exponential factor Be−E/RT˜s represents the reciprocal of the chemical reaction time
and E denotes the overall activation energy. Here T˜s stands for the stoichiometric temperature,
namely the flame temperature corresponding to complete consumption of reactants (i.e., the Burke-
Schumann solution) which, in general, depends on the Lewis numbers and remains to be determined.
For unity Lewis numbers, it reduces to
T˜a =
T˜0
1 + φ
+
φT˜∞
1 + φ
+
QY˜F0/νFWF cp
1 + φ
which is the adiabatic flame temperature of a stoichiometric mixture consisting Y˜F0/(1+φ) fuel
at temperature T˜0 and φY˜O∞/(1+φ) oxidizer at temperature T˜∞. Here φ is the initial mixture
strength (at the supply boundaries) given by
φ =
Y˜F0/Y˜O∞
νFWF /νOWO
,
where Y˜F0 and Y˜O∞ are the mass fractions of fuel and oxidizer in the separate streams (the subscripts
0 and ∞ denoting conditions at the fuel and oxidizer boundary, respectively).
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The governing equations formulated above are non-dimensionalized in the following subsec-
tion. All the dimensional quantities of interest are denoted by a variable with a tilde whereas the
corresponding non-dimensional quantity is denoted by the same variable devoid of the tilde.
Dimensionless Governing Equations
The Diffusion length lD ≡ Dth/U˜0 is used as a unit of length where U˜0 is a characteristic velocity,
and Dth = λ/ρ˜0cp is the thermal diffusivity of the mixture. The time scale is therefore Dth/U˜20 .
Pressure, temperature and density are non-dimensionalized by the ambient pressure P˜0 and the
temperature and density T˜∞ and ρ˜0 which satisfies ρ˜0 = P˜0W/RT˜∞.
In dimensionless form the equations are
Dρ
Dt
+ ρ(∇ · v) = 0 (4a)
ρ
Dv
Dt
= −∇p+ Pr[∇2v + 1
3
∇(∇ · v)] (4b)
ρ
DT
Dt
−∇2T = qω (4c)
ρ
DYF
Dt
− L−1F ∇2YF = −ω (4d)
ρ
DYO
Dt
− L−1O ∇2YO = −νω (4e)
ρT = 1 (4f)
where ω is the dimensionless chemical reaction rate
ω = DT 2s β3 ρ2YFYO exp
[
β(T − Ts)
T/Ts
]
, (5)
and D the Damko¨hler (ratio of flow to reaction times) given by
D =
ρ˜0Dth
U˜20
νFB
WO
T˜s
T˜∞
(RT˜s
E
)3
︸ ︷︷ ︸
introduced
for convenience
e−E/RT˜s . (6)
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The highlighted factor was introduced as being the appropriate scaling required for the description
of the reaction zone in the asymptotic limit β →∞, as discussed in [4] and [20].
The parameters in these equations are: the stoichiometric flame temperature Ts = T˜s/T˜∞, the
activation-energy parameter β = ET˜∞/RT˜ 2s , the Prandtl number Pr = µcp/λ, the heat release
parameter q = Q/νFWF cpT˜∞, the Lewis numbers LeF = Dth/DF and LeO = Dth/DO and the
mass-weighted stoichiometric coefficient ratio, ν =
νOWO
νFWF
.
The asymptotic solution to the diffusion flame system can be attempted using these governing equa-
tions in conjunction with the corresponding boundary conditions determined by the fuel and oxidant
sources and the associated jump relations at the flame. The jump relations in YF and YO involve
leakage functions in fuel and oxidizer as in Cheatham and Matalon [4] but non-dimensionalized
according to the current choice of characteristic scales. In order to evaluate these functions, the
following parameters are introduced:
γ =
∂T (0)
∂n
∣∣∣∣+ + ∂T (0)∂n
∣∣∣∣−
∂T (0)
∂n
∣∣∣∣+ − ∂T (0)∂n
∣∣∣∣− (7)
δ = 4q−1LFLOD
[
∂T (0)
∂n
]−2
exp
(
1 + γ
2
h∗O +
1− γ
2
h∗F
)
(8)
Here, δ is the reduced Damko¨hler number, h∗F and h
∗
O are the excess/deficiency in the fuel and
oxidizer enthalpies, respectively, given by
h∗F = T
(1)+ +
q
LF
Y
(1)+
F , h
∗
O = T
(1)− +
q
νLO
Y
(1)−
O (9)
where ψ(0)± denotes the leading order and ψ(1)± denotes the O() part of the scalar ψ, at the flame
location, Γ±. Let the total enthalpy available at the reaction sheet be hf :
hf =
1− γ
2
h∗F +
1 + γ
2
h∗O
The problem for the leakage functions is reduced to a canonical equation involving only two pa-
rameters γ and δ:
10
∂2φ
∂ζ2
= (φ2 − ζ2)e
(
−δ−1/3(φ+γζ)
)
(10)
∂φ
∂ζ
∼ −1 as ζ → −∞, ∂φ
∂ζ
∼ 1 as ζ → +∞ (11)
The numerical solution of (10)-(11) exists only for δ > δc and is multi-valued [3], [4]. For a
given γ and δ, it determines the functions
SO = δ
−1/3 lim
ζ→−∞
(φ+ ζ), SF = δ
−1/3 lim
ζ→+∞
(φ− ζ) (12)
The jump relations at the flame, Γ, are formulated using these leakage functions as per [4]:
[YO]Γ = [YF ]Γ = [T ]Γ = 0 (13)[
∂
∂n
(
T
q
+
YF
LF
)]
Γ
=
[
∂
∂n
(
T
q
+
YO
νLO
)]
Γ
= 0 (14)
with the requirements:
YF |Γ+ = q−1LFSF (15)
YO |Γ−= q−1νLOSO (16)
where n is the coordinate along the vector normal to the flame sheet at any given location on Γ
and  = β−1 is the inverse of the activation energy parameter and is used to expand variables for
asymptotic analysis.
Constant density approximation: Under the assumption of constant density, the hydrody-
namic governing equations ((4a)-(4b)) are decoupled from the full system of governing equations
((4a)-(4f)). The flow field can thus be solved for independently of the energy and mass transport
equations. Henceforth, the following constant density approximation replaces the equation of state
(Eqn. (4f)):
ρ = 1 (17)
The following chapters deal with the solutions of the above governing equations to determine
the combustion field associated with a jet diffusion micro-flame. Chapter 3 pertains to the solution
of the flow field of the submerged laminar jet from the decoupled hydrodynamic equations. Chapter
11
4 explores the solution to the remaining governing equations given the flow field solution for a unity
Lewis number diffusion flame. Chapters 5 and 6 pertain to the solution associated with the non-
unity Lewis number diffusion micro-flame in the Burke-Schumann limit and with fuel and oxidant
leakage at the flame respectively.
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CHAPTER 3: HYDRODYNAMIC FLOW FIELD
Since the flow field is decoupled from the reactive components it is possible to independently solve
for it. The constant density approximation (Eqn. (17)) is used to simplify the non-dimensional
hydrodynamic equations (Eqs. (4a)-(4b)). The equations to be solved for the velocity, v, and the
pressure, p, fields are as follows:
∇ · v = 0 (18)
v ·∇v = −∇p+ Pr∇2v (19)
The submerged jet flow considered here is as described by Landau and Lifshitz [6], [7] and
Squire [8]. Restricting our attention to axis-symmetric and steady flows, the following formulation
is done in a spherical coordinate system centered on the jet orifice.
v = vrer + vθeθ + vφeφ
where (r, θ, φ) denote the spherical coordinates and (er, eθ, eφ) are the unit basis vectors of this
system. Since axial symmetry implies
∂
∂φ
= 0 ; vφ = 0
the continuity equation reduces to:
1
r2
∂(r2vr)
∂r
+
1
r sin θ
∂(sin θvθ)
∂θ
= 0 (20)
and the momentum equations along er and eθ simplify to:
v ·∇vr − v
2
θ
r
= −∂p
∂r
+ Pr{∇2vr − 2
r2 sin θ
∂(sin θvθ)
∂θ
− 2
r2
vr} (21)
v ·∇vθ + vθvr
r
= −1
r
∂p
∂θ
+ Pr{∇2vθ + 2
r2
∂(vr)
∂θ
− vθ
r2 sin2 θ
} (22)
in which, for a scalar function Φ(r, θ):
v ·∇Φ = vr ∂Φ
∂r
+
1
r
vθ
∂Φ
∂θ
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∇2Φ = 1
r2
∂
∂r
(
r2
∂Φ
∂r
)
+
1
r2 sin θ
∂
∂θ
(sin θ
∂Φ
∂θ
)
A particular solution of these hydrodynamic equations (20)-(22) is sought for in the following form:
vr =
F (θ)
r
; vθ =
f(θ)
r
(23)
We can use this form for the velocity components in the governing equations to determine f , F
and p. The pertinent details are provided in Appendix A. This gives us:
p =
1
r2
(PrF − 1
2
f2) (24)
f(θ) = 2Pr
sin θ
cos θ − a ; F (θ) = 2Pr
(
a2 − 1
(cos θ − a)2 − 1
)
; for a > 1 (25)
v =
2Pr
r
((
a2 − 1
(cos θ − a)2 − 1
)
er +
sin θ
cos θ − aeθ
)
for a > 1 (26)
From this solution, we know f , F and thus the flow field in terms of the constant of integration
a. To correlate a to a physical quantity we compute the momentum flux projected onto the axial
direction of the flow e3 = cos θer − sin θeθ, averaged over Sr, where Sr is a sphere of radius r
centered about the origin. This axial momentum flux of the flow integrated over Sr is denoted by
KM and can be expressed as:
KM =
∫∫
Sr
(
vr(v · e3) + p(er · e3)− Pr ∂
∂r
(v · e3)
)
dσ (27)
where dσ = r2 sin θdθdφ is the area of a differential element on Sr. We show in Appendix B that
the axial momentum flux evaluated so is constant for Sr of any radius r.
dKM
dr
=
∫∫
Sr
(
Dv
Dt
+∇p− Pr∇2v
)
· e3 dσ = 0
Since it is evident from the momentum equation (Eqn. (19)) that dKM/dr = 0, KM is a
constant. The axial momentum flux can be interpreted as a point force at the origin oriented
axially that generates this flow field. Evaluating KM using the velocity and pressure field solutions
(Eqs. (24)-(26)), we get:
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KM = 16apiPr
2
(
3a2 + 1
3(a2 − 1) −
a
2
log
a+ 1
a− 1
)
(28)
In the limit of large a, we can asymptotically expand KM :
KM ∼ 16piPr
2
a
(
1 +
17
15a2
+O(
1
a4
)
)
(29)
This implies that the limit of large a corresponds to a weak jet or KM  1.
Alternatively, as a→ 1, we have a strong jet or KM  1, in which case:
KM ∼ 16piPr2
(
2
3(a− 1) +
1
2
ln(a− 1) + 4
3
+ (a− 1) ln(a− 1)
)
+O(a− 1)
Though the axial momentum flux has a constant non-zero integral on the sphere Sr, the integral
of mass flux on Sr is identically zero. This suggests that in this description of the flow field, the
jet inlet is a point source of momentum and not mass.
Now, the stream function, ψ(r, θ), corresponding to the flow field can be defined such that:
vr =
1
r2 sin θ
∂ψ
∂θ
; vθ = − 1
r sin θ
∂ψ
∂r
; (30)
Solving for ψ, we obtain:
ψ = 2Pr
( sin2 θ
a− cos θ
)
r (31)
Streamlines of the flow can now be plotted as lines along which ψ(r, θ) is constant. Since ψ scales
with r linearly, only one representative streamline for a given value of a is necessary to visualize all
the streamlines for that flow as shown in Fig.2. Fig. 2 also shows how the representative streamlines
of the flow change with a (and hence the strength of the jet). Fig. 3 shows the streamlines for
a = 1.1, a relatively strong jet, exhibiting how ψ scales linearly with r. It can be observed that
the streamlines of the flow are concentrated with greater density in the region 0 < θ < pi/2 than
in the region pi/2 < θ < pi for the strong jet. This indicates that slower moving fluid in the region
behind the jet inlet gets entrained into the fast axial jet flow ahead of the inlet. Hence, there is a
clear lack of symmetry of the flow field about z = 0. Fig. 4 shows the streamlines of the flow for
a = 100, a relatively weak jet. Here, it can be observed that the streamlines are nearly symmetric
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zx
a = 100
a = 1.1
a = 1.01
a = 2
a = 10
Figure 2: Representative streamlines of the flow for various values of a.
about θ = pi/2. In the Figs. 2, 3 and 4, z = r cos θ represents the axial direction of the flow and
x = r sin θ represents the perpendicular distance from this axis .
We can define θ0 as a parameter to identify the flow instead of a by defining cos θ0 = a
−1 such
that streamlines get closest to the axis of the jet at the spherical coordinate of θ = θ0. This can be
easily verified as:
∂ψ
∂z
∣∣∣∣
θ=θ0
=
− sin2 θ(a cos θ − 1)
(a− cos θ)2
∣∣∣∣
θ=θ0
= 0
Strong jet: For a strong jet (KM  1), a → 1 and hence we have θ0 → 0. The associated
stream function for such a strong jet can be expanded near θ0 = 0 to obtain:
ψ ∼

4Prθ2
θ2 + θ20
r, θ ≤ θ0
2Pr(1 + cos θ)r, θ  θ0
∴ v ∼

4Pr
r
(
2θ20
(θ2 + θ20)
2
er − θ
(θ2 + θ20)
eθ
)
, θ ≤ θ0
−2Pr
r
(
er +
1 + cos θ
sin θ
eθ
)
, θ  θ0
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Figure 3: Streamlines of the flow for a = 1.1.
z
x
Figure 4: Streamlines of the flow for a = 100.
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The strong jet flow field thus obtained illustrates the existence of a region θ ≤ θ0 wherein axial
momentum is concentrated and a region θ  θ0 from where streamlines seem to be entrained into
the flow. The strong jet limit of the flow field was made use of in the study of lifted diffusion flames
on jets by Ghosal and Vervisch [21].
Weak jet: Similarly, for a weak jet (KM  1), a  1 and hence we have θ0 → pi/2. The
associated stream function for such a weak jet can be expanded to obtain:
ψ ∼ 2Pr(cos θ0 sin2 θ)r
∴ v ∼ 2Pr cos θ0
r
(
2 cos θer − sin θeθ
)
=
2Pr
r
((2 cos θ
a
+
3 cos2 θ − 1
a2
)
er − sin θ
(1
a
+
cos θ
a2
)
eθ
)
+O(
1
a3
)
The symmetry of the weak jet streamlines about θ = pi/2 can be easily inferred from this stream
function as it is invariant under the transformation θ → pi − θ.
Since the hydrodynamic solution thus obtained is singular at the origin, the origin of the frame
of reference may be offset from the location of the jet inlet, upstream along the axis, by ro. This
results in a finite axial velocity component at r = ro which is used as the characteristic velocity
scale (U0) for the problem such that vr
∣∣
(ro,0)
= 1.
vr(ro, 0) =
2Pr
ro
(
a2 − 1
(1− a)2 − 1
)
=
4Pr
(a− 1)ro = 1
We have:
ro =
4Pr
(a− 1) (32)
In order to estimate the mass flow rate issued at the jet inlet, we refer to Fig. 1 and define:
m˙ = Aov
∣∣∣∣
inlet
=
pid2o
4
where Ao is the area of the orifice and do is the orifice diameter. The mass flow rate is thus specified
by do. Since KM is constant, we can approximate it using the axial momentum flux at the orifice.
With vr
∣∣
(ro,0)
= 1, we have:
KM ≈ Aov2
∣∣∣∣
inlet
=
pid2o
4
(33)
18
Since KM depends only on the parameter a, the flow field for a jet corresponding to a specified m˙
can now be approximated by specifying a.
Another way to understand and express the offset of the origin from orifice is through the
definition of a Reynolds number for the flow coming in at the inlet as defined by Sherman [22]:
Re ..= (
ρ˜r˜o
µ
)v˜r
∣∣∣∣
(r˜o,0)
=
4
a− 1
Having defined ro as the axial location where velocity is unity, we get:
ro = RePr
In the following chapters, the steady flow field derived for the submerged jet is introduced into
the complete set of governing equations in order to solve for the combustion field of the jet diffusion
flame.
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CHAPTER 4: COMPLETE COMBUSTION - UNITY LEWIS
NUMBER FLAMES
The jet diffusion micro-flame formed from the combustion of fuel species present in the jet flow
reacting with the ambient oxidizer in the medium can be analyzed through the solution of the
hydrodynamic equations (Eqs. (4a) - (4b)) in tandem with the reaction-diffusion equations (Eqs.
(4c) - (4e)) and the corresponding boundary conditions. Since the flow field is decoupled from the
energy and mass transfer equations through the assumption of incompressibility and thus is inde-
pendently solved for, we can analyze the reaction-diffusion equations for complete combustion using
the known flow field solution (Eqn. (26)). Complete combustion refers to the infinite Damko¨hler
number limit where infinitely fast chemistry is expected along a sheet referred to as the reaction
front. Thus the fuel and oxidizer are completely consumed at the flame sheet.
The steady state non-dimensionalized governing equations for temperature and fuel and oxidizer
species concentrations can expressed as:
v ·∇T = ∇2T + qω (34)
v ·∇YF = L−1F ∇2YF − ω (35)
v ·∇YO = L−1O ∇2YO − νω (36)
The mixture fraction is defined in terms of YF and YO as:
Z =
(
νYF − (YO − YO∞)
)
νYF0 + YO∞
(37)
such that Z varies from 1 at the nozzle to 0 as r → ∞. Thus, at the flame front where we have
complete combustion and full consumption of reactants,
Z = Zst =
YO∞
νYF0 + YO∞
=
1
1 + φ
Note that ν =
φYO∞
YF0
. Hence, from Eqs. (35), (36) and the definition of Z, we can formulate a
governing equation for mixture fraction:
v ·∇Z = ∇2Z + ∇
2((L−1F − 1)νYF − (L−1O − 1)YO)
νYF0 + YO∞
(38)
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Similarly, we can define a couple of enthalpy variables, HF and HO:
HF = T − 1 + qYF (39)
HO = T − 1 + q
ν
(YO − YO∞) (40)
that approach 0 as r →∞.
The complete combustion solution for a jet diffusion micro-flame in a submerged jet flow of
arbitrary strength is first attempted for the case of unity Lewis numbers for both the fuel and
oxidizer species. This greatly simplifies the above governing equation for mixture fraction to an
advection-diffusion equation. For, LF = LO = 1 we have:
v ·∇Z = ∇2Z (41)
Similarly, using Eqs. (34),(35) and (36) in conjunction with the definitions for HF and HO, we can
formulate the governing equations for the enthalpy variables:
v ·∇HF = ∇2HF (42)
v ·∇HO = ∇2HO (43)
With the equations for mixture fraction and the enthalpy variables being steady state advection-
diffusion equations free of the reaction term, they are expanded in the spherical coordinate system
using Eqn. (23) for velocity to obtain:
rF
∂
∂r
Z + f
∂
∂θ
Z =
∂
∂r
(
r2
∂
∂r
Z
)
+
1
sin θ
∂
∂θ
(
sin θ
∂
∂θ
Z
)
(44)
rF
∂
∂r
HF,O + f
∂
∂θ
HF,O =
∂
∂r
(
r2
∂
∂r
HF,O
)
+
1
sin θ
∂
∂θ
(
sin θ
∂
∂θ
HF,O
)
(45)
With the appropriate governing equations formulated, the boundary conditions remain to be spec-
ified in order to solve for T , YF and YO.
The far field boundary conditions, as r → ∞, can be determined as all variables have to
asymptote to their value in the ambient medium far away from the jet inlet. Therefore, we have:
lim
r→∞T = 1 (46a)
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lim
r→∞YF = 0 (46b)
lim
r→∞YO = YO∞ (46c)
The corresponding far field boundary conditions for Z, HF and HO can hence be inferred to be:
lim
r→∞Z = 0 (47a)
lim
r→∞HF = 0 (47b)
lim
r→∞HO = 0 (47c)
Let the location of the flame sheet be defined by r = R(θ), where the fuel and oxidizer are
available in stoichiometric proportions for the chemical reaction. The conditions on YF , YO and
hence on Z at the flame can be specified as both the fuel and oxidizer are fully consumed at the
flame sheet for complete combustion:
YF = YO = 0 at r = R(θ) or
Z
∣∣
r=R(θ)
= Zst =
1
1 + φ
(48)
Consequently,
YF = 0 for r ≥ R(θ) (49a)
YO = 0 for r ≤ R(θ) (49b)
with T , YF and YO and hence Z, HF and HO being continuous across the flame sheet.
In order to formulate the boundary conditions near the inlet of the jet we shall consider the
integrals for the net convective and diffusive fluxes of Z, HF and HO respectively over Sr, a sphere
centered about the origin and of radius r. Similar to the determination of the integral constraint
on the axial momentum flux in Eqn. (27), we express the flux of Z as:
CZ =
∫ pi
0
(
r2 sin θ(vrZ − ∂
∂r
Z)
)
dθ =
∫ pi
0
(
r2 sin θ(
F (θ)
r
Z − ∂
∂r
Z)
)
dθ (50)
Since the governing equations for the enthalpy variables (Eqs. (42) and (43)) are identical to that
of the mixture fraction, we have similar integral relations for the associated fluxes:
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CF,O =
∫ pi
0
(
r2 sin θ(vrHF,O − ∂
∂r
HF,O)
)
dθ =
∫ pi
0
(
r2 sin θ(
F (θ)
r
HF,O − ∂
∂r
HF,O)
)
dθ (51)
We show in Appendix C that the fluxes thus evaluated is constant for Sr of any radius r. It can
be shown using Eqs. (41)-(43) that:
2pi
dCZ
dr
=
∫∫
Sr
(
v ·∇Z −∇2Z) dσ = 0
2pi
dCF
dr
=
∫∫
Sr
(
v ·∇HF −∇2HF
)
dσ = 0
2pi
dCO
dr
=
∫∫
Sr
(
v ·∇HO −∇2HO
)
dσ = 0
Evidently, the flux integrals CZ , CF and CO are constants.
The determination of the set of boundary conditions (Eqs. (46)-(51)) enables the solution of
the governing equations (Eqs. (44)-(45)). In order to satisfy the governing equation for Z (Eqn.
(44)), a functional form is assumed for mixture fraction:
Z = c1
G(θ)
r
Note that with this functional dependence in r, Z → 0 as r →∞ as per the requirement of the far
field boundary condition in Z. Since the enthalpies also share an identical governing equation, we
similarly have:
HF = d1
G(θ)
r
; HO = d2
G(θ)
r
For the flame described by r = R(θ), using Eqn. (48) in conjunction with the proposed functional
form for Z, we get:
R(θ) = c1(1 + φ)G(θ) (52)
Substituting for Z in the governing equation (Eqn. (44)), we obtain an ODE for the function G(θ):
− sin θFG+ sin θfG′ = d
dθ
(sin θG′) (53)
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Since F sin θ = − ddθ (f sin θ) from continuity,
d
dθ
(fG sin θ) =
d
dθ
(sin θG′)
⇒ dG
dθ
= fG+
c2
sin θ
= −2Pr sin θ
a− cos θG(θ) for a > 1
as c2 = 0 since R and G must be bounded for all θ. On integrating the above differential equation
solving for G, we get:
G(θ) = (a− cos θ)−2Pr (54)
Using the integral relation from Eqn. (50), we can obtain c1:∫ pi
0
(
sin θ(F (θ)c1G+
∂
∂r
(c1G))
)
dθ = CZ
⇒ c1 = CZ
I(a)
Similarly, we can evaluate d1,2 from Eqn. (51) to be:
d1 =
CF
I(a)
; d2 =
CO
I(a)
where
I(a) =
∫ pi
0
(
sin θ(F (θ) + 1)G(θ)
)
dθ
Substituting for F (θ) and G(θ) in the above integral and using a change of variable to simplify
the integral from one in dθ to ds where s = (a− cos θ), we can evaluate I:
I(a) =
1
2Pr + 1
(
4Pr + 1 + a
(a+ 1)2Pr
+
4Pr + 1− a
(a− 1)2Pr
)
(55)
Therefore, we have:
R(θ) =
(1 + φ)CZ
I(a)
(a− cos θ)−2Pr (56)
Hence, the mixture fraction and enthalpy fields are solved to be:
Z =
CZ
I(a)r
(a− cos θ)−2Pr (57)
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HF =
CF
I(a)r
(a− cos θ)−2Pr (58)
HO =
CO
I(a)r
(a− cos θ)−2Pr (59)
Since Z, HF and HO are known, T , YF and YO can be easily computed as follows:
a) Inside the flame
(
r < R(θ)
)
: T = HO + 1 +
qYO∞
ν
;
YF
YF0
=
(1 + φ)Z − 1
φ
;
YO
YO∞
= 0;
b) Outside the flame
(
r > R(θ)
)
: T = HF + 1;
YF
YF0
= 0;
YO
YO∞
= 1− (1 + φ)Z;
Hence, we have:
YF
YF0
=

(1 + φ)CZ
I(a)φr
(a− cos θ)−2Pr − 1
φ
, r < R(θ)
0, r > R(θ)
(60)
YO
YO∞
=

0, r < R(θ)
1− (1 + φ)CZ
I(a)r
(a− cos θ)−2Pr r > R(θ)
(61)
T =

CO
I(a)r
(a− cos θ)−2Pr + 1 + qYO∞
ν
, r < R(θ)
CF
I(a)r
(a− cos θ)−2Pr + 1, r > R(θ)
(62)
Note that from the definitions of the enthalpies and mixture fraction:
Z =
φ
(1 + φ)qYF0
(HF −HO)
and hence the relation between the fluxes is
CZ =
φ
(1 + φ)qYF0
(CF − CO)
suggesting the linear independence of only two of the three fluxes CZ , CF and CO.
Since all the governing equations are invariant of translation of the origin, we can now use the
offset of the origin, ro, upstream of the jet orifice (from Eqn. 32), such that at the orifice:
Z(ro) = 1
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HF (ro) = T0 + qYF0 − 1
HO(ro) = T0 − qYO∞
ν
− 1
corresponding to
YF (ro) = YF0
YO(ro) = 0
T (ro) = T0
These prescribed inlet conditions coupled with Eqn. (32) can help determine the constants CZ , CF
and CO to be
CZ =
(
4PrI(a)
)
(a− 1)2Pr−1 (63)
CF =
(
4PrI(a)
)
(a− 1)2Pr−1(T0 + qYF0 − 1) (64)
CO =
(
4PrI(a)
)
(a− 1)2Pr−1(T0 − qYO∞
ν
− 1) (65)
We can now express the flame position in terms of inlet conditions and the properties of the reacting
species:
R(θ) =
4Pr(1 + φ)
a− 1 (
a− cos θ
a− 1 )
−2Pr (66)
where a can be obtained from the hydrodynamic boundary condition for the axial momentum flux
(Eqs. (28) and (33)).
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(a) a = 100
z
x
(b) a = 10
z
x
(c) a = 1.1
Figure 5: Flame position and streamlines of the flow for various of a.
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a = 1.1
a = 1.15
a = 1.3
a = 2
a = 10
Figure 6: Flame position for various values of a.
Figure 5 depicts the streamlines in the flow and flame shape as per Eqn. (66) for Pr = 0.7, ν =
1, φ = 1, do and m˙ as dictated by the given a. Figures 5 (a), (b) and (c) depict the respective
flame shapes and streamlines of the flow for a = 100, a = 10 and a = 1.1 respectively. Figure 6
shows various flame shapes corresponding to different values of a and associated strengths of the
jet. We can observe that the larger the a, the smaller the jet momentum and the average flame
radius, and the more spherical the flame shape. For a close to 1, the jet momentum is considerably
greater, streamlines are less symmetric about the z = 0, and the flame shape gets more elongated
along the axis.
Figures 7, 8 and 9 plot the temperature and fuel and oxidizer species mass fractions, respectively,
in the x-z plane for different strengths of the jet (a = 100, 10, 2, 1.1). Since all the solutions are axis-
symmetric, the full three dimensional field can be visualized through a rotation of the given plot
about the z-axis. It is evident that the solution fields are more spherical in the case of weaker jets
and less symmetric in θ and more elongated about the z-axis for stronger jets. Note that surfaces
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of constant temperature and species concentrations in the flow field are geometrically similar to
that of the flame shape, i.e., surfaces along which
(
(a− cos θ)−2Pr/r) is constant.
Eqn. (62) can now be used with Eqs. (64)-(66) in order to evaluate the temperature at the
flame:
Tflame =
T0 + qYF0 + φ
1 + φ
(67)
This expression is exactly the same as that of the adiabatic flame temperature (Ta) under current
normalization which is as expected for a unity Lewis number flame.
The next chapter provides the solution associated with a non-unity Lewis number jet diffusion
micro-flame in the Burke-Schumann limit and in the asymptotic limit of the weak jet hydrodynamic
field.
(a) a = 100 (b) a = 10
(c) a = 2 (d) a = 1.1
Figure 7: T contour plots for various values of a.
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(a) a = 100 (b) a = 10
(c) a = 2 (d) a = 1.1
Figure 8: YF contour plots for various values of a.
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(a) a = 100 (b) a = 10
(c) a = 2 (d) a = 1.1
Figure 9: YO contour plots for various values of a.
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CHAPTER 5: COMPLETE COMBUSTION - NON-UNITY LEWIS
NUMBER FLAMES IN WEAK JETS
In this chapter, the complete combustion solution for a non-unity Lewis number jet diffusion flame
is sought for. In order for Eqs. (34)-(36) to be analytically tractable when LF,O 6= 1, the solution
is sought for weak jets specifically. The hydrodynamic field of a weak jet is used in the convection
terms of the Eqs. (34)-(36). As for the unity Lewis number case, complete combustion refers to
the infinite Damko¨hler number limit with complete consumption of fuel and oxidizer species at the
flame sheet.
The flow field for a weak jet (a 1) can be asymptotically expanded in a−1 using:
f(θ) =
2Pr sin θ
cos θ − a ∼
−2Pr sin θ
a
+O(
1
a2
) (68)
F (θ) = 2Pr
( (a2 − 1)
(a− cos θ)2 − 1
) ∼ 4Pr cos θ
a
+O(
1
a2
) (69)
where the associated velocity field is:
v =
1
r
(F (θ)er + f(θ)eθ) ∼ 2Pr
ar
(2 cos θer − sin θeθ) +O( 1
a2
) (70)
The variables YF , YO, T and the location of the flame sheet, R(θ) are also expanded in a
−1 as:
YF ∼ Y (0)F +
1
a
Y
(1)
F +O(
1
a2
) (71)
YO ∼ Y (0)O +
1
a
Y
(1)
O +O(
1
a2
) (72)
T ∼ T (0) + 1
a
T (1) +O(
1
a2
) (73)
R(θ) ∼ R(0)(θ) + 1
a
R(1)(θ) +O(
1
a2
) (74)
Eqs. (34)-(36) are to be solved for using the expansions from Eqs. (68) and (69) for a weak
jet in the velocity field. The corresponding O(1) and O(a−1) governing equations are formulated
expanding the species concentration and temperature variables as in Eqs. (71)-(74). They are
formulated below for the regions r > R(0) and r < R(0) where there is no chemical reaction and
hence have ω = 0:
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O(1) :
∂
∂r
(
r2
∂
∂r
Y
(0)
F,O
)
+
1
sin θ
∂
∂θ
(
sin θ
∂
∂θ
Y
(0)
F,O
)
= 0 (75)
∂
∂r
(
r2
∂
∂r
T (0)
)
+
1
sin θ
∂
∂θ
(
sin θ
∂
∂θ
T (0)
)
= 0 (76)
O( 1a) :
∂
∂r
(
r2
∂
∂r
Y
(1)
F,O
)
+
1
sin θ
∂
∂θ
(
sin θ
∂
∂θ
Y
(1)
F,O
)
= 2PrLF,O
(
2r cos θ
∂Y
(0)
F,O
∂r
− sin θ∂Y
(0)
F,O
∂θ
)
(77)
∂
∂r
(
r2
∂
∂r
T (1)
)
+
1
sin θ
∂
∂θ
(
sin θ
∂
∂θ
T (1)
)
= 2Pr
(
2r cos θ
∂T (0)
∂r
− sin θ∂T
(0)
∂θ
)
(78)
with the far field boundary conditions matching those in the ambient medium as r →∞ :
lim
r→∞T
(0) = 1 (79a)
lim
r→∞Y
(0)
F = 0 (79b)
lim
r→∞Y
(0)
O = YO∞ (79c)
lim
r→∞T
(1) = 0 (80a)
lim
r→∞Y
(1)
F = 0 (80b)
lim
r→∞Y
(1)
O = 0 (80c)
Hence, for a weak jet, advection appears as a perturbation with transport to the leading order
occurring purely by diffusion. Since the reaction rate is exponentially small in the region between
the flame and the inlet, i.e., ω = 0 for r < R(θ), the governing equations within this domain for
YF , YO and T are identical to Eqn. (41). Therefore, corresponding integral boundary conditions
can be formulated similar to Eqn. (50) following integration of the fluxes of the scalar variables
over a sphere Sr of radius r < R(θ) centered about the origin. Expanding the scalar variables, we
express these fluxes similarly as:
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O(1):
KF,O =
∫ pi
0
(
− r2 sin θ( ∂
∂r
Y
(0)
F,O)
)
dθ (81)
KT =
∫ pi
0
(
− r2 sin θ( ∂
∂r
T (0))
)
dθ (82)
where KO = 0 as no oxidizer is available at the inlet.
O( 1a):
∫ pi
0
(
r2 sin θ(
4Pr cos θ
r
T (0) − ∂
∂r
T (1))
)
dθ = 0 (83)
∫ pi
0
(
r2 sin θ(
4Pr cos θ
r
Y
(0)
F,O −
∂
∂r
Y
(1)
F,O)
)
dθ = 0 (84)
As shown in Appendix C, the fluxes thus evaluated are constant for Sr of any radius r < R(θ).
It can be shown using Eqs. (34)-(36) that:
2pi
dKT
dr
=
∫∫
Sr
(
v ·∇T −∇2T ) dσ = 0
2pi
dKF
dr
=
∫∫
Sr
(
v ·∇YF −∇2YF
)
dσ = 0
2pi
dKO
dr
=
∫∫
Sr
(
v ·∇YO −∇2YO
)
dσ = 0
Evidently, the flux integrals KF , KO and KT are constants for r < R(θ).
Relating KF , KO and KT to CF , CO and CZ , using Eqs. (37)-(40) along with the definitions
of the fluxes:
KF = YF0
(1 + φ)CZ
φ
(85)
KO = 0 (86)
KT = CO = CF − qYF0
(1 + φ)CZ
φ
(87)
Since the system of equations (75)-(78) are investigated in the limit of complete combustion with
complete consumption of fuel and oxidizer at the flame sheet, the associated boundary conditions
and jump conditions at the flame and are formulated accordingly for YF , YO and T .
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The jump relations at the flame (r = R(θ)) for the different orders as per Eqs. 13-16 for the
current characteristic scales of non-dimensionalization are as follows:
[Y
(0)
O ]r=R(0) = [Y
(0)
F ]r=R(0) = [T
(0)]r=R(0) = 0 (88)
[Y
(1)
O +R
(1) ∂
∂r
Y
(0)
O ]r=R(0) = [Y
(1)
F +R
(1) ∂
∂r
Y
(0)
F ]r=R(0) = [T
(1) +R(1)
∂
∂r
T (0)]r=R(0) = 0 (89)
Y
(0)
F
∣∣
r=R(0)
= Y
(0)
O
∣∣
r=R(0)
= 0 (90)(
Y
(1)
F +R
(1) ∂
∂r
Y
(0)
F
)∣∣∣∣
r=R(0)
=
(
Y
(1)
O +R
(1) ∂
∂r
Y
(0)
O
)∣∣∣∣
r=R(0)
= 0 (91)
In order to simplify the jump relation at the flame from Eqn. (14), we need to evaluate the
normal derivative on the surface of the flame parameterized as Γ(r, θ) : r − R(θ) = 0. A vector
normal to this surface can be obtained by taking a gradient of the equation for the surface:
∇Γ∣∣
r=R(θ)
=
(
er
∂
∂r
+ eθ
1
r
∂
∂θ
)
Γ
∣∣
r=R(θ)
= er − R
′(θ)
R(θ)
eθ
which consequently provides us with the unitary normal vector on the surface Γ,
n =
(
Rer −R′eθ
(R2 +R′2)1/2
)
(92)
Since, for a scalar field ψ = ψ(r, θ),
∂ψ
∂n
∣∣∣∣
Γ±
=∇ψ · n∣∣
Γ± =
1
(R2 +R′2)1/2
(
R
∂ψ
∂r
− R
′
R
∂ψ
∂θ
)∣∣∣∣
Γ±
the following relation holds:
[
∂ψ
∂n
]Γ = 0⇐⇒ [
∂ψ
∂r
]Γ =
R′
R2
[
∂ψ
∂θ
]Γ
Subsequently, we find that
∂ψ
∂θ
= O(1/a) as ψ(0) turns out to be independent of θ where the scalar
ψ can represent YF , YO, T and R. This can be justified as the leading order equations are simply
Laplace equations in spherical coordinates with boundary conditions independent of θ. This implies
[
∂ψ
∂r
]Γ = O(a
−2) and hence provides the following jump relations from Eqn. (14):
[
∂
∂r
(
T (0)
q
+
Y
(0)
F
LF
)]
r=R(0)
=
[
∂
∂r
(
T (0)
q
+
Y
(0)
O
νLO
)]
r=R(0)
= 0 (93)
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[
∂
∂r
(
T (1)
q
+
Y
(1)
F
LF
)
+R(1)
∂2
∂r2
(
T (0)
q
+
Y
(0)
F
LF
)]
r=R(0)
= 0 (94a)
[
∂
∂r
(
T (1)
q
+
Y
(1)
O
νLO
)
+R(1)
∂2
∂r2
(
T (0)
q
+
Y
(0)
O
νLO
)]
r=R(0)
= 0 (94b)
Following the determination of boundary conditions and jump relations at the flame sheet, the
solution is sequentially attempted first for the O(1) governing equations (Eqs. (75)-(76)) and then
for the O(1/a) governing equations (Eqs. (77)-(78)) with their respective boundary conditions and
jump relations (Eqs. (79)-(94)).
Leading order solution
The leading order governing equations and boundary conditions indicate that the species concen-
tration and temperature fields will have similar functional forms :
YF =

c
(0)−
4
r + c
(0)−
7 , r < R(θ)
c
(0)+
4
r + c
(0)+
7 , r > R(θ)
(95)
YO =

c
(0)−
5
r + c
(0)−
8 , r < R(θ)
c
(0)+
5
r + c
(0)+
8 , r > R(θ)
(96)
T =

c
(0)−
6
r + c
(0)−
9 , r < R(θ)
c
(0)+
6
r + c
(0)+
9 , r > R(θ)
(97)
where c
(0)
i are constants that are to be determined where + or − superscripts have been used to
denote whether the solution is valid for the domain r > R(θ) or r < R(θ) respectively.
Using Eqn. (79) for the far field boundary conditions (at r →∞),
c
(0)+
7 = 0; c
(0)+
8 = YO∞ ; c
(0)+
9 = 1 ;
Using the jump relations (Eqn. (90)) at r = R(0) with the far field boundary condition for Y
(0)
F
(Eqn. (79b)) and the boundary condition at the inlet for Y
(0)
O (Eqs. (81),(86)), we have:
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Y
(0)
F = 0 for r > R
(0),
Y
(0)
O = 0 for r < R
(0).
From Eqn. (88) at r = R(0), we have:
(
c
(0)−
7 +
c
(0)−
4
R(0)
)
− 0 = 0−
(
c
(0)+
8 +
c
(0)+
5
R(0)
)
= 0
∴ R(θ) = −c
(0)+
5
YO∞
= −c
(0)−
4
c
(0)−
7
Using the jump relation from Eqn. (93) at r = R(0) we have:
−νLO
LF
=
c
(0)+
5
c
(0)−
4
Hence, c
(0)+
5 +
νLO
LF
c
(0)−
4 = 0 and thus,
c
(0)−
7 = −
LFYO∞
νLO
Also, from Eqn. (93), we have:
LF
q
=
c
(0)−
4
c
(0)+
6 − c(0)−6
Substituting the above form of YF into the appropriate integral boundary condition near the jet
inlet (Eqn. (81)), we get:
c
(0)−
4 =
KF
2
Similarly, we also have: c
(0)−
6 = KT /2.
∴ c(0)+6 =
KT +
qKF
LF
2
Also, c
(0)+
5 =
c
(0)−
4
c
(0)−
7
= −νLOKF
2LF
∴ R(0) = −c(0)+5 =
νLOKF
2LFYO∞
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Finally, using Eqn. (88) for the jump in T at r = R(θ), we have:
c
(0)−
9 = 1 +
qKF
2LFR(0)
= 1 +
qYO∞
νLO
Having evaluated all the unknown constants from Eqs. (95)-(97), we determine the species
concentration and temperature fields:
Y
(0)
F
YF0
=

KF
2YF0r
− LF
φLO
, r < R(θ)
0, r > R(θ)
(98)
Y
(0)
O
YO∞
=

0, r < R(θ)
1− νLOKF
2LFYO∞r
r > R(θ)
(99)
T (0) =

KT
2r
+ 1 +
qYO∞
νLO
, r < R(θ)
1 +
(
KT + qKF /LF
)
2r
r > R(θ)
(100)
Finally, since Y
(0)
F = Y
(0)
O = 0 at r = R
(0), we have:
R(0)(θ) =
νLOKF
2LFYO∞
(101)
Since all the combustion fields are expressed in terms of parameters KF and KT , we determine
them similar to the Eqs. (63)-(65) such that at the inlet r = ro,
Y
(0)
F (ro, 0) = YF0
Y
(0)
O (ro, 0) = 0
T (0)(ro, 0) = T0
Therefore, we have:
KF = 2(1 +
LF
φLO
)YF0ro (102)
KT = 2(T0 − qYO∞
νLO
− 1)ro (103)
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where,
ro =
4Pr
a− 1 (104)
Hence, the corresponding T
(0)
flame = T
(0)(R(0)) =
KTLFYO∞
νLOKF
+ 1 +
qYO∞
νLO
On substituting for KF and KT , we get:
T
(0)
flame =
(
T0 + φ
LO
LF
+
qYF0
LF
)
(
1 + φ
LO
LF
) (105)
It can be easily seen that for unity Lewis numbers, the expression for flame temperature reduces
to that of the adiabatic flame temperature, T
(0)
flame = Ta =
T0 + φ+ qYF0
1 + φ
O(
1
a
) solution
From the governing Eqs. (77) and (78), the O(1/a) solutions can be inferred to be a combination of
the harmonic solution to the homogeneous part of the governing equation and a particular solution
that would satisfy the RHS of the equations which are determined by the leading order solutions.
The solutions could hence be formulated as:
Y
(1)
F =

Y −F (r, θ) +
2PrLF c
(0)−
4
r
cos θ, r < R(0)
Y +F (r, θ), r > R
(0)
(106)
Y
(1)
O =

Y −O (r, θ), r < R
(0)
Y +O (r, θ) +
2PrLOc
(0)+
5
r
cos θ, r > R(0)
(107)
T (1) =

T−(r, θ) +
2Prc
(0)−
6
r
cos θ, r < R(0)
T+(r, θ) +
2Prc
(0)+
6
r
cos θ, r > R(0)
(108)
where the
c
r
cos θ terms denote the particular solutions to Eqs. (77)-(78) and the ψ±(r, θ) terms
indicate the harmonic functions that solve the homogeneous equation. Since the homogeneous
equations are Laplace’s equation in spherical coordinates, we can formulate expansions for the
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homogeneous solution, ψ±(r, θ), in terms of Legendre polynomials Pk(cos θ) for k = 0, 1, 2, ..., as:
ψ−(r, θ) =
ψ−−1
r
+
∑
k≥0
ψ−k r
kPk(cos θ), r < R
(0)
ψ+(r, θ) = ψ+∞ +
∑
k≥0
ψ+k r
−(k+1)Pk(cos θ), r > R(0)
(109)
where ψ may denote YF , YO or T . The expansions are appropriately carried out in each region
such that the solution does not diverge as r → ∞ or as r → 0. Also, we can now expand R(1)(θ)
as:
R(1)(θ) =
∑
k≥0
ρkPk(cos θ) (110)
Now, from the far field boundary conditions (Eqn. (80)), we have:
T+∞ = Y
+
F∞ = Y
+
O∞ = 0
Furthermore, from the integral boundary conditions near the jet inlet (Eqn. (83),(84)), we have:
T−−1 = Y
−
F−1 = Y
−
O−1 = 0
Since the Legendre polynomials Pm(cos θ) and Pn(cos θ) are orthogonal to each other with the
weight function sin θ when n 6= m and since P0(cos θ) = 1,∫ pi
0
(
sin θ(Pk(cos θ))
)
dθ = 0 for k ≥ 1
Substituting the chosen forms for the solution fields into theO(1/a) inlet conditions (Eqn. (83),(84)),
it is observed that they are identically satisfied regardless of the coefficients, ψ±k , of the harmonic
functions, and thus do not provide any further information.
Eqn. (91) implies Y +Fk = Y
−
Ok
= 0 for all k ≥ 0 and hence:
Y +F = Y
−
O = 0
From substitution of the forms of the solution (Eqs. (106)-(108)) and the expansions (Eqs. (109)-
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(110)) into the jump relation from Eqn. (91) and simplifying, we have :
∑
k≥0
(
(R(0))kY −FkPk(cos θ)
)
+ 2PrLF
c
(0)−
4
R(0)
cos θ =
c
(0)−
4 R
(1)
(R(0))2
(111)
∑
k≥0
(
(R(0))−(k+1)Y +OkPk(cos θ)
)
+ 2PrLO
c
(0)+
5
R(0)
cos θ =
c
(0)+
5 R
(1)
(R(0))2
(112)
Similarly, substituting into the jump relation from Eqn. (94), we have:
∑
k≥0
(( 1
LF
k(R(0))k−1Y −Fk −
1
νLO
(k + 1)(R(0))−(k+2)Y +Ok
)
Pk(cos θ)
)
= 2Pr
c
(0)−
4 +
c
(0)+
5
ν
(R(0))2
cos θ (113)
Since the Legendre polynomials are orthogonal with the weight function sin θ, we can now
project Eqs. (111)-(113) for specific values of the index k to obtain simplified equations relating
the unknown coefficients.
For k = 0, we have:
Y +O0 = Y
−
F0
= ρ0 = 0
For k > 1, we have:
Y +Ok
Y −Fk
= (R(0))2k+1
νkLO
(k + 1)LF
ρk = −(R(0))−kY +Ok/YO∞ =
νLO
YO∞LF
(R(0))k+1Y −Fk
∴ Y +Ok = Y
−
Fk
= ρk = 0 ∀ k > 1
For k = 1, we have:
νLO
LF
Y −F1 −
2
(R(0))3
Y +O1 = 2Pr
c
(0)−
4 +
c
(0)+
5
ν
(R(0))2
ρ1 = 2PrLOR
(0) − Y
+
O1
YO∞(R
(0))
= 2PrLFR
(0) +
νLO
YO∞LF
(R(0))2Y −F1
Solving this system, we get:
Y −F1 = −
4L2FPrY
2
O∞
3KFL2Oν
2
(
LF − LO
)
(114)
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Y +O1 = −
K2FL
2
Oν
2Pr
3L2FYO∞
(
LF − LO
)
(115)
ρ1 =
KFLOνPr
3LFYO∞
(
2LF + LO
)
(116)
Similarly, using the Eqn. (89) for jump in temperature, we have:
(R(0))2
(c
(0)+
6 − c(0)−6 )
(∑
k≥0
((
(R(0))−(k+1)T+k − (R(0))kT−k
)
Pk(cos θ)
))
+ 2PrR(0) cos θ = R(1) (117)
From the second jump relation in temperature using Eqn. (94), we have:
∑
k≥0
((
k(R(0))k+2T−k + (k + 1)(R
(0))−k+1T+k
)
Pk(cos θ)
)
=
−(2PrR(0) cos θ)(c(0)+6 − c(0)−6 − qc(0)−4 )− (R(0))3
q
LF
Y −F1 cos θ
(118)
Similarly, projecting these equations (Eqs. (117)-(118)) for specific values of index k we have:
For k = 0, we have:
T+0 = T
−
0 = 0
For k > 1, we have:
(R(0))2
(c
(0)+
6 − c(0)−6 )
(
(R(0))−(k+1)T+k − (R(0))kT−k
)
= 0
(
k(R(0))k+2T−k + (k + 1)(R
(0))−k+1T+k
)
= 0
⇒ T+k = T−k = 0 ∀ k > 1
For k = 1, we have:
T+1 = T
−
1 (R
(0))3 +
(
ρ1 − 2PrR(0)
)(
c
(0)+
6 − c(0)−6
)
T−1 (R
(0))3 = −(2PrR(0))(c(0)+6 − c(0)−6 − qc(0)−4 )− (R(0))3
q
LF
Y −F1 − 2T+1
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Solving this system, we get:
T−1 = −
4qLFPrY
2
O∞
3KFL2Oν
2
(
LO − 1
)
(119)
T+1 =
qK2F νLOPr
3L2FYO∞
(
LF − 1
)
(120)
Having determined all the unknown coefficients in the harmonic functions, we determine the
solution fields and flame location to be:
R(θ) ∼ νLOKF
2LFYO∞
+
1
a
KFLOνPr
3LFYO∞
(
2LF + LO
)
cos θ (121)
YF
YF0
∼

KF
2YF0r
− LF
φLO
+
1
a
(
Y −F1
YF0
r cos θ +
PrLFKF
YF0r
cos θ
)
, r < R(0)
0, r > R(0)
(122)
YO
YO∞
∼

0, r < R(0)
1− νLOKF
2LFYO∞r
+
1
a
(
Y +O1
YO∞
cos θ
r2
− PrνL
2
OKF
LFYO∞r
cos θ
)
, r > R(0)
(123)
T ∼

KT
2r
+ 1 +
qYO∞
νLO
+
1
a
(
T−1 r cos θ +
PrKT
r
cos θ
)
, r < R(0)
1 +
(
KT +
qKF
LF
)
2r
+
1
a
(
T+1
cos θ
r2
+
Pr
(
KT +
qKF
LF
)
r
cos θ
)
, r > R(0)
(124)
Now, evaluating the flame temperature to O(1/a) accuracy, we have:
Tflame ∼ T (0)(R(0)) + 1
a
(
T (1)(R(0)) +R(1)
∂T (0)
∂r
(R(0))
)
∴ Tflame ∼
(
KTLFYO∞
νLOKF
+1+
qYO∞
νLO
)
+
1
a
(−2PrYO∞
3KFLOν
)(
KTLF (LO+2LF−3)+qKF (LO−1)
)
cos θ
Substituing for KF and KT from Eqs. (102),(103), we have:
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Tflame ∼
(
T0 + φ
LO
LF
+
qYF0
LF
)
(
1 + φLOLF
) + 1
a
(
2PrL1
3LOν
(
φLO + LF
)) cos θ (125)
where,
L1 =
(
− νLO
(
LF (LO + 2LF − 3)(T0 − 1) + qYF0(LO − 1)
)
+ 2qLFYO∞(LF − 1)
)
Note that L1 = 0 for LF = LO = 1, implying that the unity Lewis number microjet flame
temperature is independent of θ and to O(1/a) is Ta as in Eqn (67).
z
x
Asymptotic solution
Full solution
(a) a = 100
z
x
Asymptotic solution
Full solution
(b) a = 10
Figure 10: Comparison of the full Burke-Schumann unity Lewis number solution and weak jet asymptotic
solution (to O(1/a)) flame shapes for a = 100 and a = 10.
Fig. 10 compares the flame shape from the full unity Lewis number Burke-Schumann solution
(Eqn. (66)) with that obtained from the asymptotic weak jet solution (Eqn. (121)). It can be
observed from Fig. 10 (a) that the solutions compare agreeably for a = 100. Fig. 10 (b) indicates
that the weak jet solution agrees with the full Burke-Schumann solution for R(θ) within a maximum
deviation of 15% for a = 10. Hence, for a large enough a (weak jet), the flame shape from Eqn.
(121) asymptotically approaches that described by Eqn. (66).
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(a) a = 100 (b) a = 10
Figure 11: T Contour plots for different values of a for a weak jet.
(a) a = 100 (b) a = 10
Figure 12: YF Contour plots for different values of a for a weak jet.
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(a) a = 100 (b) a = 10
Figure 13: YO Contour plots for different values of a for a weak jet.
Figs. 11, 12 and 13 show the associated temperature and species concentration fields as obtained
from the weak jet asymptotic solution to O(1/a) accuracy in Eqs. (122)-(124) for a = 100 and
a = 10. The trends in the solution fields with increasing a are identical to those discussed for
Figs. 7-9 where the asymmetry in the flame shape and combustion fields about z = 0 decreases
with jet strength as the fields get less elongated along the z-axis. It is verified that for a weak jet,
the combustion fields conform to those predicted by the full unity Lewis number solution (Eqs.
(60)-(62)) as plotted in Figs. 7-9 to O(1/a) accuracy.
In this chapter, the solution for the weak jet diffusion micro-flame under the assumption of
complete combustion of reactants at the flame sheet has been dealt with. The next chapter will
provide the formulation and associated solution for the more general case where there is a small
reactant leakage at the flame sheet for the weak jet micro-flame.
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CHAPTER 6: NON-UNITY LEWIS NUMBER FLAMES WITH
REACTANT LEAKAGE IN WEAK JETS
In this chapter, the diffusion flame in a weak jet is investigated in the limit of large but not infinite
Damko¨ler numbers. Since the asymptotic expansions of temperatures and species concentrations
are being performed in the scenario of weak jets (a  1) and large activation energy parameters
(β  1), the following relation is assumed:
a−1 = a¯β−1 = a¯ (126)
As per the analysis in Cheatham and Matalon [4], although the O(1) system is identical to the
Burke-Schumann limit wherein the temperature and species concentrations are continuous across
the flame sheet, to O() there exist jumps in T and YF,O which need to be solved for from jump
relations. The associated modified jump conditions at the flame accounting for O() leakage fluxes
for the fuel and oxidizer are provided later in this chapter following which the solution is attempted.
The flow field for a weak jet (a 1) can be asymptotically expanded in  using:
f(θ) =
2Pr sin θ
cos θ − a ∼ −2Pra¯ sin θ +O(
2) (127)
F (θ) = 2Pr
( (a2 − 1)
(a− cos θ)2 − 1
) ∼ 4Pra¯ cos θ +O(2) (128)
Now, Eqs. (34)-(36) are to be solved for using the expansions from Eqs. (127) and (128) in the
velocity field:
v =
1
r
(F (θ)er + f(θ)eθ) ∼ 2Pra¯
r
(2 cos θer − sin θeθ) +O(2) (129)
after expanding YF , YO, T and R(θ) in  as:
YF ∼ Y (0)F + Y (1)F +O(2) (130)
YO ∼ Y (0)O + Y (1)O +O(2) (131)
T ∼ T (0) + T (1) +O(2) (132)
R(θ) ∼ R(0)(θ) + R(1)(θ) +O(2) (133)
For the regions r > R(0) and r < R(0), where the reaction rate is exponentially small and negligible,
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we have ω = 0 and hence the governing Eqs. (34)-(36) can be used to formulate corresponding
governing equations for different orders as:
O(1) :
∂
∂r
(
r2
∂
∂r
Y
(0)
F,O
)
+
1
sin θ
∂
∂θ
(
sin θ
∂
∂θ
Y
(0)
F,O
)
= 0 (134)
∂
∂r
(
r2
∂
∂r
T (0)
)
+
1
sin θ
∂
∂θ
(
sin θ
∂
∂θ
T (0)
)
= 0 (135)
O() :
∂
∂r
(
r2
∂
∂r
Y
(1)
F,O
)
+
1
sin θ
∂
∂θ
(
sin θ
∂
∂θ
Y
(1)
F,O
)
= 2Pra¯LF,O
(
2r cos θ
∂Y
(0)
F,O
∂r
− sin θ∂Y
(0)
F,O
∂θ
)
(136)
∂
∂r
(
r2
∂
∂r
T (1)
)
+
1
sin θ
∂
∂θ
(
sin θ
∂
∂θ
T (1)
)
= 2Pra¯
(
2r cos θ
∂T (0)
∂r
− sin θ∂T
(0)
∂θ
)
(137)
with the far field boundary conditions matching those in the ambient medium as r →∞ as described
in Eqs. (79)-(80) in Chapter 5 but for O(1) and O() orders of the given scalar.
Since the region between the inlet and the flame sheet, r < R(θ), has an exponentially small
reaction rate, the governing equations for YF , YO and T are identical to to Eqn. (41). Hence, the
corresponding integral boundary conditions associated with the inlet can be formulated as shown
in Appendix C, similar to Eqn. (50), following integration of the fluxes of the scalar variables over
a sphere, Sr, of radius r < R(θ) centered about the origin. The associated fluxes are exactly as
described in Eqs. (81)-(87) but for O(1) and O() orders of the given scalar. Thus, the fluxes KF ,
KO and KT are constants for r < R(θ).
The jump relations in YF and YO involve leakage functions in fuel and oxidizer as described in
Cheatham and Matalon [4]. In order to evaluate these functions, the following parameters, γ and
δ, are used:
γ =
∂T (0)
∂n
∣∣∣∣+ + ∂T (0)∂n ∣∣∣∣−
∂T (0)
∂n
∣∣∣∣+ − ∂T (0)∂n ∣∣∣∣−
δ = 4q−1LFLOD
[
∂T (0)
∂n
]−2
exp
(
1 + γ
2
h∗O +
1− γ
2
h∗F
)
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The reduced Damko¨hler number, δ, is defined in terms of h∗F and h
∗
O which are the excess/deficiency
in the fuel and oxidizer enthalpies, respectively, given by
h∗F = T
(1)+ +
q
LF
Y
(1)+
F , h
∗
O = T
(1)− +
q
νLO
Y
(1)−
O .
Let the corresponding total enthalpy available at the reaction sheet be hf :
hf =
1− γ
2
h∗F +
1 + γ
2
h∗O
As per [4], the problem for the leakage functions reduces to a canonical equation involving only
two parameters γ and δ as in Eqs. (10) and (11). The solution of Eqs. (10)-(11) exists only for
δ > δc and is multi-valued. For given γ and δ, this determines the functions
SO = δ
−1/3 lim
ζ→−∞
(φ+ ζ), SF = δ
−1/3 lim
ζ→+∞
(φ− ζ).
Cheatham and Matalon [4] have obtained numerical solutions to the boundary value problem for
the leakage functions and have subsequently provided interpolations for SF and SO in terms of γ
and δ.
The unit normal vector, n, on the surface of the flame, Γ, and the associated normal derivative are
used to simplify the jump relation at the flame from Eqn. (14). The vector n is described exactly
as in Eqn. (92) and the subsequent result for the jump in normal derivatives of a scalar function ψ
still holds:
[
∂ψ
∂n
]Γ = 0⇐⇒ [
∂ψ
∂r
]Γ =
R′
R2
[
∂ψ
∂θ
]Γ
Hence, we find that
∂ψ
∂θ
= O() as ψ(0) turns out to be independent of θ where ψ can represent
YF , YO, T and R. This implies [
∂ψ
∂r
]Γ = O(
2) and hence aids in the simplification of the jump
relations described in Eqn. (14).
The jump relations at the flame (r = R(θ)) according to Eqs. (13)-(16), for the different orders,
have been provided below:
[Y
(0)
O ]r=R(0) = [Y
(0)
F ]r=R(0) = [T
(0)]r=R(0) = 0 (138)
[Y
(1)
O +R
(1) ∂
∂r
Y
(0)
O ]r=R(0) = [Y
(1)
F +R
(1) ∂
∂r
Y
(0)
F ]r=R(0) = [T
(1) +R(1)
∂
∂r
T (0)]r=R(0) = 0 (139)
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Y
(0)
F
∣∣
r=R(0)
= Y
(0)
O
∣∣
r=R(0)
= 0 (140)(
Y
(1)
F +R
(1) ∂
∂r
Y
(0)
F
)∣∣∣∣
r=R(0)
= q−1LFSF (141)(
Y
(1)
O +R
(1) ∂
∂r
Y
(0)
O
)∣∣∣∣
r=R(0)
= q−1νLOSO (142)
[
∂
∂r
(
T (0)
q
+
Y
(0)
F
LF
)]
r=R(0)
=
[
∂
∂r
(
T (0)
q
+
Y
(0)
O
νLO
)]
r=R(0)
= 0 (143)
[
∂
∂r
(
T (1)
q
+
Y
(1)
F
LF
)
+R(1)
∂2
∂r2
(
T (0)
q
+
Y
(0)
F
LF
)]
r=R(0)
= 0 (144a)
[
∂
∂r
(
T (1)
q
+
Y
(1)
O
νLO
)
+R(1)
∂2
∂r2
(
T (0)
q
+
Y
(0)
O
νLO
)]
r=R(0)
= 0 (144b)
The solution is sequentially attempted first for the O(1) governing equations (Eqs. (134) and
(135)) and then for the O() governing equations (Eqs. (136) and (137)) with their respective
boundary conditions (Eqs. (79)-(87)) and jump relations (Eqs. (138)-(144)).
Leading order solution
Note that, since the system of equations and corresponding boundary conditions and jump relations
to the leading order, discussed here are identical to those in Chapter 5 (in the case of complete
combustion), the methodology of solution and the associated leading order solution fields remain
identical.
Once again, the leading order governing equations and boundary conditions indicate that the
species concentration and temperature fields will have similar functional forms :
YF =

c
(0)−
4
r + c
(0)−
7 , r < R(θ)
c
(0)+
4
r + c
(0)+
7 , r > R(θ)
(145)
YO =

c
(0)−
5
r + c
(0)−
8 , r < R(θ)
c
(0)+
5
r + c
(0)+
8 , r > R(θ)
(146)
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T =

c
(0)−
6
r + c
(0)−
9 , r < R(θ)
c
(0)+
6
r + c
(0)+
9 , r > R(θ)
(147)
where c
(0)
i are constants that are to be determined where + or − superscripts have been used to
denote whether the solution is valid for the domain r > R(θ) or r < R(θ) respectively.
Using Eqn. (79) for the far field boundary conditions (at r →∞),
c
(0)+
7 = 0; c
(0)+
8 = YO∞ ; c
(0)+
9 = 1 ;
Using the jump relations (Eqn. (140)) at r = R(0) with the far field boundary condition for Y
(0)
F
(Eqn. (79b)) and the boundary condition at the inlet for Y
(0)
O (Eqs. (81),(86)), we have:
Y
(0)
F = 0 for r > R
(0),
Y
(0)
O = 0 for r < R
(0).
From Eqn. (138) at r = R(0), we have:
(
c
(0)−
7 +
c
(0)−
4
R(0)
)
− 0 = 0−
(
c
(0)+
8 +
c
(0)+
5
R(0)
)
= 0
∴ R(θ) = −c
(0)+
5
YO∞
= −c
(0)−
4
c
(0)−
7
Using the jump relation from Eqn. (143) at r = R(0) we have:
−νLO
LF
=
c
(0)+
5
c
(0)−
4
Hence, c
(0)+
5 +
νLO
LF
c
(0)−
4 = 0 and thus,
c
(0)−
7 = −
LFYO∞
νLO
Also, from Eqn. (143), we have:
LF
q
=
c
(0)−
4
c
(0)+
6 − c(0)−6
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Substituting the above form of YF into the appropriate integral boundary condition near the jet
inlet (Eqn. (81)), we get:
c
(0)−
4 =
KF
2
Similarly, we also have: c
(0)−
6 = KT /2.
∴ c(0)+6 =
KT +
qKF
LF
2
Also, c
(0)+
5 =
c
(0)−
4
c
(0)−
7
= −νLOKF
2LF
∴ R(0) = −c(0)+5 =
νLOKF
2LFYO∞
Finally, using Eqn. (138) for the jump in T at r = R(θ), we have:
c
(0)−
9 = 1 +
qKF
2LFR(0)
= 1 +
qYO∞
νLO
Having evaluated all the unknown constants from Eqs. (145)-(147), we determine the species
concentration and temperature fields:
Y
(0)
F
YF0
=

KF
2YF0r
− LF
φLO
, r < R(θ)
0, r > R(θ)
(148)
Y
(0)
O
YO∞
=

0, r < R(θ)
1− νLOKF
2LFYO∞r
r > R(θ)
(149)
T (0) =

KT
2r
+ 1 +
qYO∞
νLO
, r < R(θ)
1 +
(
KT + qKF /LF
)
2r
r > R(θ)
(150)
Finally, since Y
(0)
F = Y
(0)
O = 0 at r = R
(0), we have:
R(0)(θ) =
νLOKF
2LFYO∞
(151)
Since all the combustion fields are expressed in terms of parameters KF and KT , we determine
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them similar to the Eqs. (63)-(65) such that at the inlet r = ro,
Y
(0)
F (ro, 0) = YF0
Y
(0)
O (ro, 0) = 0
T (0)(ro, 0) = T0
Therefore, we have:
KF = 2(1 +
LF
φLO
)YF0ro (152)
KT = 2(T0 − qYO∞
νLO
− 1)ro (153)
where,
ro =
4Pr
a− 1 (154)
Hence, the corresponding T
(0)
flame = T
(0)(R(0)) =
KTLFYO∞
νLOKF
+ 1 +
qYO∞
νLO
On substituting for KF and KT , we get:
T
(0)
flame =
(
T0 + φ
LO
LF
+
qYF0
LF
)
(
1 + φ
LO
LF
) (155)
It is evident that for unity Lewis numbers, the expression for flame temperature reduces to that of
the adiabatic flame temperature, T
(0)
flame = Ta =
T0 + φ+ qYF0
1 + φ
O() solution
The O() system of equations with the corresponding boundary conditions and jump relations
discussed here differ from those in Chapter 5 (for complete combustion) in only the jump relation
Eqs. (141)-(142). Hence the functional forms of the solution and the methodology used to obtain
and simplify it are similar.
From the governing Eqs. (136) and (137), solutions can be inferred to be a combination of the
harmonic solution to the homogeneous part of the governing equation and a particular solution that
would satisfy the RHS of the equations which are determined by the O(1) solutions. The solutions
could hence be formulated as:
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Y
(1)
F =

Y −F +
2Pra¯LF c
(0)−
4
r
cos θ, r < R(0)
Y +F , r > R
(0)
(156)
Y
(1)
O =

Y −O , r < R
(0)
Y +O +
2Pra¯LOc
(0)+
5
r
cos θ, r > R(0)
(157)
T (1) =

T− +
2Pra¯c
(0)−
6
r
cos θ, r < R(0)
T+ +
2Pra¯c
(0)+
6
r
cos θ, r > R(0)
(158)
where the
c
r
cos θ terms denote the particular solutions to Eqs. (136)-(137) and the ψ±(r, θ) terms
indicate the harmonic functions that solve the homogeneous equation. Since the homogeneous
equations are Laplace’s equation in spherical coordinates, we can formulate expansions for the
homogeneous solution, ψ±(r, θ), in terms of Legendre polynomials, Pk(cos θ) for k = 0, 1, 2, ..., as:
ψ−(r, θ) =
ψ−−1
r
+
∑
k≥0
ψ−k r
kPk(cos θ), r < R
(0)
ψ+(r, θ) = ψ+∞ +
∑
k≥0
ψ+k r
−(k+1)Pk(cos θ), r > R(0)
(159)
where ψ may denote YF , YO or T . The expansions are appropriately carried out in each region
such that the solution does not diverge as r → ∞ or as r → 0. Also, we can now expand R(1)(θ)
as:
R(1)(θ) =
∑
k≥0
ρkPk(cos θ) (160)
Similarly, we have the leakage functions at the flame (r = R(θ)) expanded as:
SF,O(θ) =
∑
k≥0
SF,OkPk(cos θ) (161)
Now, from the far field boundary conditions (Eqn. (80)), we have:
T+∞ = Y
+
F∞ = Y
+
O∞ = 0
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Furthermore, from the integral boundary conditions near the jet inlet (Eqn. (83),(84)), we have:
T−−1 = Y
−
F−1 = Y
−
O−1 = 0
Since the Legendre polynomials Pm(cos θ) and Pn(cos θ) are orthogonal to each other with the
weight function sin θ when n 6= m and since P0(cos θ) = 1,∫ pi
0
(
sin θ(Pk(cos θ))
)
dθ = 0 for k ≥ 1
Substituting the chosen forms for the solution fields into the O() inlet conditions (Eqn. (83),(84)),
it is observed that they are identically satisfied regardless of the coefficients, ψ±k , of the harmonic
functions, and thus do not provide any further information.
Now, Eqs. (141) and (142) imply:
Y +F |R(0) = q
−1LFSF ; Y −O |R(0) = q
−1νLOSO;
From substitution of the forms of the solution (Eqs. (156)-(158)) and the expansions (Eqs. (160)-
(161)) into the jump relation from Eqn. (139) and simplifying, we have the jump relation for T (1)
reduce to:
∑
k≥0
((
(R(0))−(k+1)T+k − (R(0))kT−k − (R(0))−2ρk(c(0)+6 − c(0)−6 )
)
Pk(cos θ)
)
=
−2Pra¯c
(0)+
6 − c(0)−6
R(0)
cos θ
(162)
Also, from the jump relations involving Y
(1)
F and Y
(1)
O in Eqn. (139), upon simplification, we have:
∑
k≥0
((
(R(0))−(k+1)Y +Fk − (R(0))kY −Fk
)
Pk(cos θ)
)
+
c
(0)−
4 R
(1)
(R(0))2
= 2Pra¯LF
c
(0)−
4
R(0)
cos θ (163)
∑
k≥0
((
(R(0))−(k+1)Y +Ok − (R(0))kY −Ok
)
Pk(cos θ)
)
− c
(0)+
5 R
(1)
(R(0))2
= −2Pra¯LO c
(0)+
5
R(0)
cos θ (164)
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Similarly, using the jump relations from Eqn. (144), we have:
∑
k≥0
((
k(R(0))k−1(
Y −Fk
LF
− Y
−
Ok
νLO
) + (k + 1)(R(0))−(k+2)(
Y +Fk
LF
− Y
+
Ok
νLO
)
)
Pk(cos θ)
)
=
2Pra¯
(R(0))2
(
c
(0)−
4 +
c
(0)+
5
ν
)
cos θ
(165)
∑
k≥0
((
k(R(0))k−1(
Y −Fk
LF
+
T−k
q
) + (k + 1)(R(0))−(k+2)(
Y +Fk
LF
+
T+k
q
)
)
Pk(cos θ)
)
=
2Pra¯
(R(0))2
(
c
(0)−
4 −
c
(0)−
4
LF
)
cos θ
(166)
Since the Legendre polynomials are orthogonal with the weight function sin θ, we can now
project Eqs. (162)-(166) for specific values of the index k to obtain simplified equations relating
the unknown coefficients. Following this, the unknown coefficients are solved for by using Eqs.
(141)-(142) in addition.
For k = 0, we have:
Y +F0 = R
(0)q−1LFSF0
Y +O0 = R
(0)q−1νLOSF0
T+0 = −R(0)SF0
Y −F0 = q
−1LFSO0
Y −O0 = q
−1νLOSO0
T−0 = −SO0
ρ0 =
q−1νLOR(0)
YO∞
(SO0 − SF0)
For k > 1, we have:
Y +Fk = (R
(0))(k+1)q−1LFSFk
Y +Ok = (R
(0))(k+1)q−1νLOSFk
T+k = −(R(0))(k+1)SFk
Y −Fk = (R
(0))−kq−1LFSOk
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Y −Ok = (R
(0))−kq−1νLOSOk
T−k = −(R(0))−kSOk
ρk =
q−1νLOR(0)
YO∞
(SOk − SFk)
For k = 1, we have:
Y +F1 = (R
(0))2q−1LFSF1
Y +O1 = (R
(0))2
(
q−1νLOSF1 +
4
3
Pra¯YO∞(LO − LF )
)
T+1 = (R
(0))2
(− SF1 + 43Pra¯qYO∞LF − 1νLO )
Y −F1 = (R
(0))−1
(
q−1LFSO1 +
2
3
Pra¯YO∞
LF
νLO
(LO − LF )
)
Y −O1 = (R
(0))−1q−1νLOSO1
T−1 = (R
(0))−1
(− SO1 + 23Pra¯qYO∞ 1− LOνLO )
ρ1 =
q−1νLOR(0)
YO∞
(SO1 − SF1) +
2
3
Pra¯R(0)(LO + 2LF )
Having determined all the coefficients involved in the harmonic functions constituting the solu-
tions for the scalar variables, the spatial location of the flame and the associated combustion fields
are known to O() accuracy:
R(θ) ∼ νLOKF
2LFYO∞
(
1 + 
(q−1νLO
YO∞
(SO − SF ) + 2
3
Pra¯(LO + 2LF ) cos θ
))
(167)
YF
YF0
∼

KF
2YF0r
− LF
φLO
+ 
(
Y −F
YF0
+
Pra¯LFKF
YF0r
cos θ
)
, r < R(0)

Y +F
YF0
, r > R(0)
(168)
YO
YO∞
∼


Y −O
YO∞
, r < R(0)
1− νLOKF
2LFYO∞r
+ 
(
Y +O
YO∞
− Pra¯νL
2
OKF
LFYO∞r
cos θ
)
, r > R(0)
(169)
T ∼

KT
2r
+ 1 +
qYO∞
νLO
+ 
(
T− +
Pra¯KT
r
cos θ
)
, r < R(0)
1 +
(
KT +
qKF
LF
)
2r
+ 
(
T+ +
Pra¯
(
KT +
qKF
LF
)
r
cos θ
)
, r > R(0)
(170)
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Now, evaluating the flame temperature to O() accuracy, we have:
Tflame ∼ T (0)(R(0)) + 
(
T (1)(R(0)) +
∂T (0)
∂r
(R(0))
)
=
(
KTLFYO∞
νLOKF
+1+
qYO∞
νLO
)
+
(−Pra¯
3R(0)
(qKF
LF
(LO−1)+KT (2LF+LO−3)
)
cos θ−(1−γ2 SF+ 1+γ2 SO)
)
Hence, we have:
hf =
−Pra¯
3R(0)
(qKF
LF
(LO − 1) +KT (2LF + LO − 3)
)
cos θ
Substituting for KF and KT from Eqs. (152), (153), we have:
Tflame ∼
(
T0 + φ
LO
LF
+
qYF0
LF
)
(
1 + φLOLF
) + (L cos θ − (1− γ
2
SF +
1 + γ
2
SO
))
(171)
where,
L =
(
2Pra¯L1
3νLO(φLO + LF )
)
(172a)
L1 =
(
− νLO
(
LF (LO + 2LF − 3)(T0 − 1) + qYF0(LO − 1)
)
+ 2qLFYO∞(LF − 1)
)
(172b)
Note that L1 = L = 0 for LF = LO = 1. This suggests that for unity Lewis number flames,
the flame temperature is independent of θ and is equal to Ta to O() in the limit of complete
combustion where SF = SO = 0. Also, note that though Tflame and the flame location, R(θ),
can be inferred directly from SF (γ, δ) and SO(γ, δ) using Eqs. (171) and (167), evaluation of the
combustion fields (T , YF and YO) in the entire domain require determining the coefficients SFk
and SOk for all k ≥ 0. Having determined SF (θ) and SO(θ) from γ and δ, the expression for the
coefficients can be evaluated using the orthogonality relation of Legendre polynomials:
SF,Ok =
2k + 1
2
∫ pi
0
SF,O(θ)Pk(cos θ) sin θdθ (173)
The next chapter utilizes the solution derived above (Eqs. (167)-(171)) for the weak jet micro-
flame in the presence of reactant leakage in order to analyze the properties of the flame and its
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extinction. The corresponding results are applicable to the weak jet micro-flame solution in the
limit of complete combustion (from Chapter 5) since that solution (Eqs. (121)-(125)) is a subset of
those derived in the presence of reactant leakage (when the leakages are set to zero).
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CHAPTER 7: RESULTS AND DISCUSSION
Having determined the solution fields associated with the weak jet diffusion micro-flame in the limit
of large but not infinite Damko¨hler numbers, analysis of the associated flame shape, temperature,
extinction properties and the effect of parametric variation on them, can be conducted. Extinction
occurs when due to reactant leakage across the flame sheet, there is no longer a sufficient amount
of fuel or oxidizer available in the reaction zone to sustain the chemical reaction. Since extinction
analyses and the corresponding results depend on the flame temperature, the expression for Tflame
derived for weak jet micro-flames in the presence of reactant leakage is used (Eqn. (171)).
In order to examine the extinction properties of this diffusion flame, the parameters δ and γ
remain to be evaluated. This is carried out using Eqs. (7)-(9):
[
∂T (0)
∂n
]
=
−qYO∞
νLOR(0)
γ = 1 +
2LFKT
qKF
= 1 +
2LF (T0 − qYO∞νLO − 1)
q(1 + LFφLO )YF0
The total reaction sheet enthalpy can now be expressed as:
hf =
1 + γ
2
h∗O +
1− γ
2
h∗F
=
(
T (1)(R(0)) +
∂T (0)
∂r
(R(0))
)
+
(
1 + γ
2
SO +
1− γ
2
SF
)
= L cos θ
Now, we can evaluate the reduced Damko¨hler number:
δ = δ0 exp
(
L cos θ
)
where
δ0 =
(
4Dν2(R(0))2LFL3O
q3Y 2O∞
)
=
Dφ4K2FL5O
q3Y 4F0LF
This relation between δ and the angle θ determines the angles for which combustion effectively
takes place. δ has to be greater than a critical value δc in order for combustion to occur and for
δ < δc, we have extinction. The critical δc can be approximated by:
δc =
(
(1− | γ |)− (1− | γ |)2 + 0.26(1− | γ |)3 + 0.055(1− | γ |)4) exp(1) (174)
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c(
)
Figure 14: δc vs γ
as proposed by Lin˜a´n [3] and shown in Fig.14.
For L 6= 0, we can compute the critical angle where extinction occurs (δ(θc) = δc) as:
θc = cos
−1
(
1
L
ln
( δc
δ0
))
Let Ω be defined as:
Ω =
(
1
L
ln
( δc
δ0
))
Depending on the sign of L (which depends on LO, LF , YF0 , YO∞ , T0, ν and q), we have three
possibilities for extinction:
• L = 0: hf = 0 ∀ θ. Hence, δ = δ0 is a constant in θ.
– If δ0 > δc, the flame will be fully closed (no extinction for any θ)
– If δ0 < δc, it will be extinguished completely (for all θ).
• L > 0:
– If Ω < −1, the flame will be fully closed as δ > δc ∀ θ
– If Ω > 1, the flame will be fully extinct as δ < δc ∀ θ
– If −1 < Ω < 1, there will be a partial flame, i.e., there exists a θc such that δ ≥ δc for
61
0 ≤ θ ≤ θc and δ ≤ δc for θc ≤ θ ≤ pi ; Consequently the flame will extinguish and open
at the side facing θ = pi.
• L < 0:
– If Ω < −1, the flame will be fully extinct as δ < δc ∀ θ
– If Ω > 1, the flame will be fully closed as δ > δc ∀ θ
– If −1 < Ω < 1, there will be a partial flame, i.e., there exists a θc such that δ ≥ δc for
θc ≤ θ ≤ pi and δ ≤ δc for 0 ≤ θ ≤ θc ; Consequently the flame will extinguish and open
at the side facing θ = 0.
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Figure 15: SO vs δ − δc for various values of γ ≥ 0.
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c
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Figure 16: SF vs δ − δc for various values of γ ≥ 0.
The leakage functions evaluated from their interpolations [4] have been plotted against (δ− δc)
for various values of γ in Figs. 15 and 16. The lower branches of these curves are physical and
correspond to smaller fuel and oxidant leakages and larger temperatures than the upper branches.
In the Burke-Schumann limit of complete combustion (δ → ∞), the leakages evidently become
negligible.
Since, SF (γ) = SO(−γ) [4], from the expression derived for Tflame (Eqn. (171)), we have:
Tflame(γ) = Tflame(−γ)
Hence, for the plots of Tflame, only γ > 0 is considered. Unless otherwise specified within the figure
caption, legend or axes, the following parametric combination from Table 1 has been chosen to
generate the results and plots that follow.
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Table 1: Default values used for parameters in plots
Parameter Value
a 10
a¯ 1
φ 1
YF0 1
YO∞ 1
T0 1
LeF 1
LeO 1
q 7.5
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(a) Tflame − Ts vs (δ − δc) for LF = 1.
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(b) Tflame − Ts vs D for LF = 1
Figure 17: Variation in flame temperature for a unity Lewis number flame.
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Fig. 17 (a) shows the variation of (Tflame − Ts) with (δ − δc) for a unity Lewis number flame
and it can be observed that for large values of δ, the physical branch of Tflame converges to the
Burke-Schumann limit value of the adiabatic flame temperature. Since LF = 1, TF is independent
of θ and hence the flame temperature is constant all along a given flame. Fig. 17 (b) shows the
corresponding variation of (Tflame − Ts) with D for a unity Lewis number flame. As L = 0 here,
δ and D maintain a constant ratio and thus the trend in Fig. 17 (b) remains the same as that in
Fig. 17 (a). Furthermore, we can conclude that since Tflame is independent of θ for a unity Lewis
number flame, as D is reduced, the flame goes from a fully closed flame to a fully extinguished one
(without exhibiting partial flames) at a Dext = q3Y 4F0δc/φ
4K2F corresponding to δ = δ0 = δc.
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(a) Flame temperature vs D for LF = 0.5 at multiple
values of θ.
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(b) Flame temperature vs D for LF = 0.75 at multiple
values of θ.
Figure 18: Variation in flame temperature with D for various angles θ for LF < 1.
Figs. 18 (a) and (b) plot the variation of flame temperature with D for various values of the
angle θ, for a micro-flame with LF = 0.5 and LF = 0.75 respectively. Figs. 19 (a) and (b) replicate
the corresponding plots for a micro-flame with LF = 1.25 and LF = 1.5 respectively. From Fig. 18
we can observe that for any given D, the physical value of Tflame (the upper branch of the plotted
solution) is greatest along the axial direction of the average jet momentum (along θ = pi on the
flame) for flames with L < 0. Similarly, from Fig. 19 we can conclude that the maximum value of
Tflame occurs on the flame opposite the direction of the average jet momentum (θ = 0) for flames
with L > 0. From any of the curves in Figs. 18 and 19, we can observe that the upper physical
branch of the Tflame solution decreases with decreasing D, till a minimum value of D where the
solution still exists. For a curve associated with an angle, θ, the corresponding minimum D is the
Damko¨hler number at which we first have extinction at that angle on the flame sheet. Hence, the
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(a) Flame temperature vs D for LF = 1.25 at multiple
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(b) Flame temperature vs D for LF = 1.5 at multiple
values of θ.
Figure 19: Variation in flame temperature with D for various angles θ for LF > 1.
figures also indicate that as D is decreased, extinction first occurs starting from θ = 0 for flames
with L < 0 and from θ = pi for flames with L > 0. Consequently, we can also conclude that the
last point that will get extinguished as D is decreased will be along θ = 0 for flames with L > 0
and along θ = pi for flames with L < 0.
In addition, the flame temperatures for angles between θ = 0 and θ = pi are bounded by those
axial extremum values. This also suggests that as L increases, from a negative value to a positive
one, the maximum and minimum flame temperature (for θ = pi and θ = 0 respectively) curves
converge to a single curve at L = 0 and thus the temperatures for all intermediate angles will also
be described by the same plot for L = 0. Similarly, as L is decreased, from a positive value to a
negative one, the maximum and minimum flame temperature (for θ = 0 and θ = pi respectively)
curves converge to a single curve at L = 0.
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Figure 20: Tflame − Ts vs θ for LF = 1 and various values of D.
This can also be seen from Figs. 20 and 21 where the variation in flame temperatures with angle
θ is plotted for various values of D. Fig. 20 shows the independence of the flame temperature with
θ for a unity Lewis number micro-flame. It is also evident that the maximum flame temperature
is achieved as D is increased but further increase beyond a point does not influence the solution
drastically. This is also observed in Figs. 21 (a) and (b) for L < 0 and L > 0 respectively. These
figures also indicate that for a given D, the flame temperature could be greater than or lesser than
the stoichiometric flame temperature for L 6= 0. Furthermore, Figs. 21 (a) and (b) also show that
for lower values of D, we no longer have fully closed flames, but partial flames that extinguish at
some intermediate θ that is not on the axis of the jet. The range of θ where a partial flame exists
also decreases with a decrease in D.
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(a) Tflame− Ts vs θ for LF = 0.5 and various values of
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(b) Tflame−Ts vs θ for LF = 1.5 and various values
of D.
Figure 21: Variation in flame temperature with θ for various values of D and for LF 6= 1.
Hence, for a given L, there exists a maximum Damko¨hler number, Dmax, above which all
flames are fully closed and a minimum Damko¨hler number, Dmin, below which all flames are fully
open/extinguished. This suggests that for all intermediate values of the Damko¨hler number between
Dmax and Dmin for a given L 6= 0, we have partial flames that open toward θ = 0 for flames with
L < 0 and toward θ = pi for flames with L > 0. Fig. 22 displays the plots of Dmax and Dmin
as LF varies. The curves of Dmax and Dmin divide the plot into three regions. The first region
above the red Dmax curve represents all the fully closed flames. The region below the blue Dmin
curve represents all the fully extinguished flames and finally the region in between the red and blue
curves represent the partial flames. We can also observe that this region is non-existent for L = 0
(as the curves for Dmax and Dmin intersect at LF = 1) suggesting that the unity Lewis number
flame goes from fully closed to fully extinguished at some given value of D.
Note that for the default parametric combination used as per Table 1, on varying only LF , LF < 1
corresponds to L < 0 and LF > 1 corresponds to L > 0.
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Figure 22: The maximum and minimum values of D, between which partial flames are formed, vs LF .
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Figure 23: θc vs D for valious values of LF .
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The critical angle where extinction occurs (θc) is dependent on the L of the flame in addition
to the D. Partial flames exist in the domain 0 ≤ θ ≤ θc for L > 0 and in θc ≤ θ ≤ pi for L < 0. The
associated partial flame θc is shown in Fig. 23 which plots the variation of θc with D for different
values of LF . We can also observe that the larger the deviation of LF from unity and thus L from
zero, the larger the range of D where we obtain a partial flame.
Fig. 24 shows different flame shapes for various values of D when LF = 0.5. The figure also pro-
vides the deviation of the flame temperature from the stoichiometric flame temperature (Ts = 6),
along the flame sheet. It can be observed that maximum flame temperature is achieved at θ = pi
and that the partial flames open toward θ = 0 for these flames where L < 0. The minimum flame
temperature (which for a large enough D can be lesser than Ts) occurs either at θ = 0 for a com-
pletely closed flame (D > Dmax) or at θ = θc for a partial flame (Dmin < D < Dmax). Furthermore,
it can be seen that θc decreases as D increases.
Fig. 25 similarly shows the flame shapes and deviations from stoichiometric flame temperature
(Ts = Ta = 4.75) for LF = 1. Fig. 25 (a) depicts the scenario where the flame is fully extinct at
D = 225 < Dmin whereas Fig. 25 (b) shows a fully closed flame at D = 250 > Dmax. Note that
Dmax = Dmin in this case since L = 0. We can also observe that the fully closed flame is at the
adiabatic flame temperature all along the flame sheet to O().
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(a) Flame shape with Tflame − Ts for D = 70.
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(d) Flame shape with Tflame − Ts for D = 800.
Figure 24: Variation in flame shapes and temperature for various values of D and for LF = 0.5.
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(b) Flame shape with Tflame − Ts for D = 250.
Figure 25: Variation in flame shapes and temperature for various values of D and for LF = 1.
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(c) Flame shape with Tflame − Ts for D = 1200.
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(d) Flame shape with Tflame − Ts for D = 2000.
Figure 26: Variation in flame shapes and temperature for various values of D and for LF = 1.5.
Fig. 26 shows the flame shapes for different values of D when LF = 1.5. The figure also indi-
cates the deviation of the flame temperature from the stoichiometric flame temperature (Ts = 4),
along the flame sheet. It can be observed that maximum flame temperature is achieved at θ = 0
and that the partial flames open toward θ = pi for these flames where L > 0. The minimum flame
temperature (which for a large enough D can be lesser than Ts) occurs either at θ = pi for a com-
pletely closed flame (D > Dmax) or at θ = θc for a partial flame (Dmin < D < Dmax). In addition,
it can also be seen that θc increases as D increases.
The next chapter summarizes the various solutions and results obtained for the jet diffusion
micro-flame and provides the conclusions and inferences made from this study.
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CHAPTER 8: CONCLUSIONS
In the present study, the jet diffusion micro-flame was analytically modeled in order to determine
the flame shape, extinction properties and the various associated combustion properties. The
diffusion flame formed by the combustion of a fuel present in a jet issuing from a nozzle into a
quiescent ambient medium containing the oxidizer has been solved for at steady state using the
large activation energy asymptotics methodology, accounting for the leakage of reactants across the
flame sheet, as per Cheatham and Matalon [4].
The non-dimensionalized governing equations, associated boundary conditions and jump rela-
tions at the flame were provided in an axis-symmetric spherical coordinate system. The flow field
corresponds to the steady submerged jet flow proposed by Squire and Landau. For reactants of
unity Lewis numbers, the temperature and species concentration fields along with the flame shape
have been computed at the Burke-Schumann limit of complete combustion for diffusion flames asso-
ciated with any arbitrary laminar jet strength. For reactants of non-unity Lewis numbers, a similar
complete combustion solution was found in the asymptotic limit of weak jets. The associated dif-
fusion micro-flame shape and combustion fields were evaluated. Weak jet micro-flames were found
to be more spherical as opposed to diffusion flames in stronger jets which are more elongated.
The jet diffusion micro-flame formed in weak jets as a result of the reaction of non-unity Lewis
number reactants was also solved for over the entire range of Damko¨hler numbers taking account
of reactant leakage across the flame. In addition to determining the combustion fields and flame
shape as predicted by this solution, extinction analysis is performed using the solution field. It is
found that as D is reduced, the flame extinguishes first at either θ = 0 or θ = pi depending on the
sign of a parameter, L, that depends on the combustion properties (mass fraction of the fuel and
oxidizer at their supply boundary, the Lewis numbers of the fuel and oxidizer, the fuel-to-oxidizer
stoichiometric ratio, the temperatures of jet at the inlet and of the ambient medium and the heat
release parameter). If L = 0, the flame transitions from completely closed to fully extinct at a Dext
as is the case when the reactants are of unity Lewis numbers. Flame temperatures, shapes and
their variations for various values of LF were studied. The maximum (Dmax) and minimum (Dmin)
Damko¨hler numbers between which a partial flame is predicted were also determined for different
values of LF . Note that the flame is fully closed for D > Dmax and fully extinct for D < Dmin.
The variation of flame temperature with θ and the angle at which a partial flame is almost extinct
(θc) have also been determined. The derived expressions can be used to compute variations in
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these quantities for different combinations of parameters though only variations in LF have been
presented.
In conclusion, expressions for the flame shape, combustion fields and extinction properties of a
steady jet diffusion micro-flame were derived over the entire range of Damko¨hler numbers utilizing
the submerged jet flow field [7] and large activation energy asymptotics methodology [4].
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APPENDIX A: THE SUBMERGED JET FLOW FIELD
Substituting the form for velocities from Eqn. (23) in Eqn. (20) (mass conservation) we obtain:
f ′ + f cot θ + F = 0 (175)
Substitution of the velocity components in the momentum equations give us:
v ·∇vr = 1
r3
(−F 2 + fF ′),v ·∇vθ = 1
r3
(−Ff + ff ′)
∇2vr = 1
r3
(F ′′ + F ′ cot θ),∇2vθ = 1
r3
(f ′′ + f ′ cot θ)
Hence, the momentum equation (21) simplifies to:
1
r3
(−f2 − F 2 + fF ′) = −∂p
∂r
+ Pr{ 1
r3
(F ′′ + F ′ cot θ−2f cot θ − 2F − 2f ′)} = 0
Using Eqn. (175) to cancel the underlined term we obtain:
1
r3
(−f2 − F 2 + fF ′) = −∂p
∂r
+ Pr{ 1
r3
(F ′′ + F ′ cot θ)} = 0 (176)
Differentiating Eqn. (175) with respect to θ gives us:
F ′ + f ′ cot θ + f ′′ − f
sin2 θ
= 0
Substituting the velocity components in momentum equation (22) and using above equation to
simplify the underlined terms gives us:
1
r3
ff ′ = −1
r
∂p
∂θ
+ Pr{ 1
r3
(f ′′ + f ′ cot θ + 2F ′f ′′ + f ′ cot θ + 2F ′ − f
sin2 θ
)} = 0
∂p
∂θ
=
1
r2
(PrF ′ − ff ′) (177)
Integrating Eqn. (177) with respect to θ we get:
p =
1
r2
(PrF − 1
2
f2) + c(r)
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where c(r) is the constant of integration in θ. Substituting above expression for p into Eqn. (176)
we obtain:
1
r3
(−F 2 + fF ′) = −dc
dr
+ Pr{ 1
r3
(2F + F ′′ + F ′ cot θ)} = 0
Since only one term in the above equation is dependent on r after multiplying throughout by r3,
c(r) must be of the form c(r) = −c0
2r2
where c0 is a constant in r. Now, multiplying above equation
by r3 sin θ and substituting the mentioned form of c(r) and using Eqn. (175), we can perform the
following simplifications:
sin θ(fF ′ − F 2) = Pr{F ′′ sin θ + F ′ cos θ + 2F sin θ}+ c0 sin θ
= sin θ(fF ′ − F (−f cot θ − f ′)) = Pr{d(F
′ sin θ)
dθ
− 2f ′ sin θ − 2f cos θ}+ c0 sin θ
= sin θ(fF ′ + Ff ′ + Ff cot θ) = Pr{d((F
′ − 2f) sin θ)
dθ
}+ c0 sin θ =
d
(
Ff sin θ
)
dθ
Now, integrating the above expression with respect to θ, we obtain:
Ff sin θ = Pr(F ′ − 2f) sin θ + c1 − c0 cos θ
Since, F and f cannot be unbounded for any θ , c1 = c0 = 0. Therefore,
p =
1
r2
(PrF − 1
2
f2)
Ff − Pr(F ′ − 2f) = 0 (178)
Now, to obtain the velocity field we need to solve Eqs. (175), (178) and find F and f. In order to
match Landau’s expressions we shall rescale (f, F ) −→ 2Pr(f, F ). Now, the system of equations
we need to solve to obtain f and F are:
f ′ + F + f cot θ = 0;F ′ = 2f(F + 1);
Eliminating F from the latter of the above equations using the former, we get:
−f ′′ − f ′ cot θ + f
sin2 θ
= 2f(−f ′ − f cot θ + 1)
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⇒ sin2 θf ′′ + f ′ sin θ cos θ − f cos 2θ = 2f(f sin θ cos θ + f ′ sin2 θ)
⇒ d(f
′ sin2 θ)
dθ
− d(f sin θ cos θ)
dθ
=
d(f2 sin2 θ)
dθ
⇒ f ′ sin2 θ − f sin θ cos θ − f2 sin2 θ = k1
Since f and f’ are bounded k1 must be zero. Hence:
sin θ
f ′
f2
− cos θ 1
f
= sin θ
⇒ d
dθ
(sin θ
f
)
= − sin θ
⇒ f(θ) = sin θ
cos θ − a ; F (θ) =
a2 − 1
(cos θ − a)2 − 1 ; for a>1
Rescaling f and F back, we have:
⇒ f(θ) = 2Pr sin θ
cos θ − a ; F (θ) = 2Pr
(
a2 − 1
(cos θ − a)2 − 1
)
; for a>1
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APPENDIX B: AXIAL MOMENTUM FLUX OF THE JET
Taking a dot product of the Navier-Stokes equations (Eqs. (21),(22)) with e3 we get:
(
v ·∇vr − v
2
θ
r
)
cos θ −
(
v ·∇vθ + vθvrr
)
sin θ
=
(
− ∂p∂r +Pr{∇2vr− 2r2 sin θ ∂(sin θvθ)∂θ − 2r2 vr}
)
cos θ+
(
− 1r ∂p∂θ +Pr{∇2vθ+ 2r2 ∂(vr)∂θ − vθr2 sin2 θ}
)
sin θ
The pressure terms give:
P =
∫∫
Sr
(∇p · e3)dσ =
∫ 2pi
φ=0
∫ pi
θ=0
r2
(
∂p
∂r
cos θ − 1
r
∂p
∂θ
sin θ
)
sin θdθdφ
= 2pi
∫ pi
0
(r2
∂p
∂r
cos θ sin θ − r∂p
∂θ
sin2 θ)dθ {applying integration by-parts to underlined term}
= 2pi
∫ pi
0
(r2
∂p
∂r
+ 2rp) sin θ cos θdθ = 2pi
d
dr
∫ pi
0
r2p sin θ cos θdθ
=
d
dr
∫∫
Sr
(per · e3)dσ
The inertia terms give:
I =
∫∫
Sr
(
v ·∇vr − v
2
θ
r
)
cos θ −
(
v ·∇vθ + vθvr
r
)
sin θdσ
= 2pi
∫ pi
0
((
r2vr
∂vr
∂r
+ rvθ
∂vr
∂θ
− rv2θ
)
sin θ cos θ − (r2vr ∂vθ
∂r
+ rvθ
∂vθ
∂θ
+ rvθvr
)
sin2 θ
)
dθ
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The underlined terms above simplify to:
−2pir
∫ pi
0
(vθ sin θ)
( d
dθ
(vθ sin θ)
)
dθ = 0
⇒ I = 2pi
∫ pi
0
((
rvr
∂vr
∂r
sin θ cos θ + vθ sin θ cos θ
∂vr
∂θ
)− (rvr ∂vθ
∂r
+ vθvr
)
sin2 θ
)
rdθ
Applying integration by-parts to the underlined terms above we get:
I = 2pi
∫ pi
0
((
rvr
∂vr
∂r
sin θ cos θ − vr cos θ ∂
∂θ
(vθ sin θ)
)− (rvr ∂vθ
∂r
)
sin2 θ
)
rdθ
Adding and subtracting to the above integral
(
vθ sin
2 θ ∂(r
2vr)
∂r
)
, we get:
I = 2pi
∫ pi
0
((
r2vr
∂vr
∂r
sin θ cos θ−rvr cos θ ∂
∂θ
(vθ sin θ)
)−(r2vr ∂vθ
∂r
+vθ
∂(r2vr)
∂r
)
sin2 θ+vθ sin
2 θ
∂(r2vr)
∂r
)
dθ
Now, using continuity equation (20), we get:
I = 2pi
∫ pi
0
((
r2vr
∂vr
∂r
+ vr
∂
∂r
(r2vr)
)
sin θ cos θ − sin2 θ ∂
∂r
(r2vrvθ)− rvθ sin θ ∂
∂θ
(sin θvθ)
)
dθ
The integral of the underlined term above is zero. Hence:
I = 2pi
d
dr
∫ pi
0
(
v2r cos θ − vrvθ sin θ
)
r2 sin θdθ =
d
dr
∫∫
Sr
(
v2r cos θ − vrvθ sin θ
)
dσ
=
d
dr
∫∫
Sr
(
vr(v · e3)
)
dσ
The viscous terms give:
V = 2piPr
∫ pi
0
(
r2 cos θ sin θ∇2vr−2 cos θ∂(sin θvθ)
∂θ
−2vr cos θ sin θ−r2 sin2 θ∇2vθ−2 sin2 θ∂(vr)
∂θ
+vθ
)
dθ
Expanding the Laplacians and applying integration by-parts to the underlined term above, we get:
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V = 2piPr
∫ pi
0
(
∂
∂rr
2
(
cos θ sin θ ∂vr∂r − sin2 θ ∂vθ∂r
)
+ cos θ ∂∂θ
(
sin θ ∂vr∂θ
)− sin θ ∂∂θ( sin θ ∂vθ∂θ )
+ (1− 2 sin2 θ)vθ − 2 sin2 θ ∂vr∂θ − 2vr cos θ sin θ
)
dθ
Applying integration by-parts to the underlined terms above, we get:
V = 2piPr
∫ pi
0
(
∂
∂rr
2
(
cos θ sin θ ∂vr∂r − sin2 θ ∂vθ∂r
)
+ sin2 θ ∂vr∂θ + cos θ sin θ
∂vθ
∂θ
+ (1− 2 sin2 θ)vθ − 2 sin2 θ ∂vr∂θ − 2vr cos θ sin θ
)
dθ
= 2piPr
∫ pi
0
(
∂
∂r
r2
(
cos θ sin θ
∂vr
∂r
−sin2 θ∂vθ
∂r
)
+cos θ sin θ
∂vθ
∂θ
+(1−2 sin2 θ)vθ−sin2 θ∂vr
∂θ
−2vr cos θ sin θ
)
dθ
= 2piPr
∫ pi
0
(
∂
∂r
r2
(
cos θ sin θ
∂vr
∂r
− sin2 θ∂vθ
∂r
)
+
∂
∂θ
(vθ sin θ cos θ)− ∂
∂θ
(vr sin
2 θ)
)
dθ
The underlined terms above have an integral of zero over the given limits and hence:
V = 2piPr
d
dr
∫ pi
0
(
r2 sin θ
(
cos θ
∂vr
∂r
− sin θ∂vθ
∂r
))
dθ
= Pr
d
dr
∫∫
Sr
(
∂
∂r
(v · e3)
)
dσ
From N-S, I + P − V = 0
⇒ d
dr
∫∫
Sr
(
vr(v · e3) + p(er · e3)− Pr ∂
∂r
(v · e3)
)
dσ = 0
⇒
∫∫
Sr
(
vr(v · e3) + p(er · e3)− Pr ∂
∂r
(v · e3)
)
dσ = KM
Now, substituting into the above equation, the expressions for velocity components and pressure
as per Eqs. (24),(25) using vr =
2Pr
r F (θ) ; vθ =
2Pr
r f(θ) ; p =
2Pr2
r2
(F − f2), with the rescaled
f(θ) and F (θ) we get:
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KM = 4piPr
2
∫ pi
0
(
cos θ sin θ (2F + 2F 2 − f2)− sin2 θ(f + 2fF )
)
dθ
from Eqn. (175) we have F sin θ = − ddθ (f sin θ) and hence:
∫ pi
0
fF sin2 θdθ = −
∫ pi
0
(f sin θ)
d
dθ
(f sin θ)dθ = 0
∫ pi
0
F sin θ cos θdθ = −
∫ pi
0
cos θ
d
dθ
(f sin θ)dθ = −
∫ pi
0
f sin2 θdθ
⇒ KM = 4piPr2
∫ pi
0
(
cos θ sin θ (2F 2 − f2)− 3f sin2 θ
)
dθ
Evaluating the above integral we can determine KM as a function of a or vice-versa:
KM = 16apiPr
2
(
3a2 + 1
3(a2 − 1) −
a
2
log
a+ 1
a− 1
)
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APPENDIX C: SCALAR FLUXES IN THE JET
Integrating the L.H.S. of equation (41) over Sr using surface area element dσ = r
2 sin θdθdφ, we
get:
∫∫
Sr
(
v ·∇Z) dσ = ∫ 2pi
0
∫ pi
0
(
r2 sin θvr
∂
∂r
(Z) + r sin θvθ
∂
∂θ
(Z)
)
dθdφ
Applying integration by-parts in θ to the underlined term above, we get:
∫∫
Sr
(
v ·∇Z) dσ = 2pi ∫ pi
0
(
r2 sin θvr
∂
∂r
Z − rZ ∂
∂θ
(vθ sin θ)
)
dθ
Using continuity
∂
∂θ
(vθ sin θ) = −sin θ
r
∂
∂r
(r2vr) we can simplify the above equation to:
1
2pi
∫∫
Sr
(
v ·∇Z) dσ = ∫ pi
0
(
sin θ
∂
∂r
(r2vrZ)
)
dθ
Integrating the R.H.S. of equation (41) over Sr, we get:
1
2pi
∫∫
Sr
∇2Z dσ =
∫ pi
0
(
sin θ
∂
∂r
(
r2
∂
∂r
(Z)
))
dθ +
∫ pi
0
(
∂
∂θ
(
sin θ
∂
∂θ
(Z)
))
dθ
The underlined term above can be integrated exactly in θ and hence can be evaluated to have an
integral of zero. Using both integrals evaluated from equation (41), we have:
∫ pi
0
(
sin θ
∂
∂r
(r2vrZ)− sin θ ∂
∂r
(
r2
∂
∂r
Z
))
dθ =
1
2pi
∫∫
Sr
(
v ·∇Z −∇2Z) dσ = 0
Integrating the above equation in r, we obtain an expression for CZ :
∫ pi
0
(
r2 sin θ(vrZ − ∂
∂r
Z)
)
dθ =
∫ pi
0
(
r2 sin θ(
F (θ)
r
Z − ∂
∂r
Z)
)
dθ = CZ
Since the governing equations for the enthalpy variables (Eqs. (42) and (43)) are identical to that
of the mixture fraction, we have similar integral relations for the associated fluxes:
∫ pi
0
(
r2 sin θ(vrHF,O − ∂
∂r
HF,O)
)
dθ =
∫ pi
0
(
r2 sin θ(
F (θ)
r
HF,O − ∂
∂r
HF,O)
)
dθ = CF,O
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Evidently, the flux integrals CZ , CF and CO are constants in r and thus are independent of the
choice of Sr for the integrals.
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